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Introduction 

In  this  report  we  derive  estimates  for  the  displacements, 
strains,  stresses,  and  their  derivatives  in  the  interior  of  a 
thin  plate.   The  estimates  are  given  in  terms  of  the  maximiom 
strains  and  the  thickness  and  diameter  of  the  plate.   The 
estimates  are  used  to  derive  formulas  for  the  displacements , 
strains,  and  stresses  in  terms  of  the  vertical  displacement, 
w,  of  the  middle  surface  and  a  stress  function  i[i.   Also  differ- 
ential equations  are  obtained  for  w  and  ii .       To  lowest  order  terms, 
these  are  the  von  Karman-Foppl  equations .   To  higher  order  terms , 
they  are  accurate  to  the  same  order  as  those  obtained  by  F.  John 
[1]  but  are  expressed  in  terms  of  different  dependent  variables. 
Several  simplifications  of  the  differential  equations  and 
formulas  for  the  displacements,  strains,  and  stresses  are 
possible,  one  of  which  is  presented.   No  accuracy  is  lost  in 
this  simplification  which  is  valid  for  very  small  strains  with 
relatively  large  bending  permitted.   Perhaps  the  most  important 
of  the  results  are  the  simplified  plate  equations  (0.22'). 

The  formulas  derived  for  the  displacements,  stresses,  and 
strains  show  several  terms  explicitly  and  the  order  of  the 
remainder.   To  show  all  terms  explicitly  to  a  higher  order  would 
require  the  introduction  of  more  than  the  five  elastic  parameters 
which  we  use  here,  and  this  was  the  criterion  used  to  decide  how 
many  terms  should  be  shown  explicitly. 
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The  assumptions  made  to  obtain  these  results  are  that  suffici- 
ently many  continuous  derivatives  of  the  displacements  exist, 
the  strain  energy  density  function  is  an  analytic  function  of  the 
strain  invariants,  and  the  plate  thickness-diameter  ratio  and 
the  strains  are  sufficiently  small. 

Let  u, ,u„,Uo   be  the  displacements  parallel  to  the  coordinate 
axes  (Cartesian)  of  the  particle  which  was  at  (x, ,x  ,x^)  in  the 
unde formed  plate,  and  let 

(0.1)      e.  .(x^,X2,X3)  =   \    (u.^j  +  u.^.  +  u^^^.u^^^.) 

be  the  strains  where,  i  denotes  9/3x.  ,  Latin  indices  assume  the 
values  1,2,3,  and  repeated  indices  are  summed  over  their  range. 
There  will  be  some  exceptions  to  the  last  two  conventions  which 
will  be  made  clear  by  the  context. 

We  let  x^  measure  distance  along  the  vertical  axis  and  consider 
a  plate  which  in  the  undeformed  state  is  bounded  by  the  planes 
X,  =  +  h  and  by  a  vertical  surface  at  the  edge. 

The  theory  used  is  the  exact  three-dimensional  theory  for  a 
homogeneous  isotropic  material  having  a  strain  energy  density 
function  which  is  analytic  in  the  strain  invariants.   We  introduce 
stresses  t. .  (not  the  usual  ones)  by  letting 

3W 


(0.2) 


-ij    3e.. 


where  W  is  the  strain  energy  density  function  (energy  per  unit 
undeformed  volume) .   If  S  is  a  surface  in  the  deformed  plate  and 

S  is  the  surface  in  the  undeformed  plate  consisting  of  the  same 

->• 
particles,  then  t. .  n.  g.  is  the  stress  vector  (force  per  unit 
^  1]   J  ^1  V       t- 
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undeformed  area)  acting  across  S  where  (n, ,n_,n,)  is  the  unit 
normal  vector  to  S  pointing  to  the  particles  exerting  the  force 
across  S,  and   g.  -   t: (x,+u,  ,  x„+u„  ,  x^+u-,)  is  a  tangent  vector 

1     oX  .     XX     Z,         Z  J    J 

X 

to  the  curve  consisting  of  the  particles  which  were  on  a  line 
parallel  to  the  ith  coordinate  axis  in  the  undeformed  plate. 
We  restrict  ourselves  to  deformations  in  which  the  stress 
vector  is  zero  at  the  faces  and  the  body  force  vector  is  zero 
throughout  the  plate.   This  gives  (see  [1],[2]) 

(0. 3)  t. ^  =  0   for   x^  =  +  h 

x3  3    — 

(0.4)        t.  .  .  +  2e.,  t,  .  .  +  2e.,   .  t,  .  =  W  .  . 
xj ,j      xk   kj ,3  xk, J   kj     ,x 


Each  of  the  functions  to  be  estimated  can  be  expressed  uniquely 

as  the  sum  of  an  even  and  an  odd  function  of  x-,.   The  even  and  odd 

parts  will  be  estimated  separately.   For  example,  t. .=  t. .,+  t. .~ 
'^  '^  ^  '^X3X]lx]2 

where  t.  .    (ca  =  1,2)  is  chosen  to  be  even  in  x^  if  lo  plus  the 

IJb^  3  '^ 

number  of  threes  among  i,j  is  even,  and  otherwise  t. .   is  chosen 

to  be  odd  in  x^  ,  i.e.   t  „-,  t  -,,  ,  and  t_,-,„  are  even  functions  of 
3  a32    a31        332 

x^  (Greek  indices  always  assume  the  vlaues  1,2),  and  t  q,  ,  t  ^_, 

and  t-,,,  are  odd  functions  of  x-,.   Similarly,  we  define  e.  .  ,  u.  . 
331  3  ^  x]oj    xco 

Next  we  introduce  the  parameters  in  terms  of  which  the  estimates 
will  be  given.   Let  D  be  the  horizontal  diameter  of  the  unstrained 
plate,  and  let  e   =  max  le. •  I  where  the  maximum  is  taken  over  the 
entire  plate  and  over  all  values  of  i,j.   Let  6  be  a  parameter 

such  that  0  <  0  <  1  and  consider  plates  for  which  h/D  <_  9  and 

2   2 
deformations  for  which  e      <  h  /D  .   For  all  sufficiently  small 

CO  —  -^ 

values  of  9 ,  the  results  which  we  obtain  are  valid  at  all  particles 
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for  which  the  undeformed  distance  to  the  edge  of  the  plate  is 
at  least  SD.   How  small  is  sufficiently  small  depends  only  on  the 
strain  energy  density  W  and  not  on  the  deformation  or  the  dimen- 
sions of  the  plate.    Thus  we  are  limiting  ourselves  to  plates 
which  are  sufficiently  thin,  to  deformations  with  sufficiently 
small  strains,  and  to  particles  sufficiently  far  from  the  edge. 

The  estimates  for  the  stresses  and  their  derivatives  are  listed 
in  (0.5).   An  expression  of  the  type  CHa)    represents  a  quantity 
whose  absolute  value  is  less  than  or  equal  k|a|  where  k  is  a 
positive  dimensionless  constant  whose  value  depends  only  on  6  and 
the  strain  energy  density  W.   The  numbers  k,  ,k2,k^  are  any  non- 
negative  integers  which  make  the   notation  meaningful.  Thus 
k,+k„  =  k  on  some  lines  and  k,+k„+k,  =  k  on  other  lines.   A 
statement  such  as  (i,j)  =  (a,  3)  means  that  i  and  j  take  on  the 

values  1,2.  We  let  e-,  =  e,  ,  £2  ~  ^2  "*"  ~2  ^1  ^^'^  ^  ^^  °^^  '^^ 
the  Lame  constants  and  is  defined  later  in  (0.9).  The  first  two 
lines  give  estimates  for  all  stresses  and  their  derivatives ,  and 
the  remaining  lines  give  sharper  estimates  for  some  stresses  and 
their  derivatives. 
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(0.5)-^ 


9^ 


ijl_ 


3x,  8X2  SXt 


PC, 


D 


ye 


if  k3=0 

if  k^=l  and  i=3  or  j=3 


if  k-,  is  even  and  (i,j)  =  (a,g)  or  (3,3) 
if  k-,  is  odd  and  (i,j)  =   (a, 3) 


r)( — \ — r)   otherwise 


K  -1      o  'i 

9x,  9x_  3X3 


OC-^) 


if  k3  =  0 

if  k-,  =  1  and  i  =  3  or  j  =  3 

if  k,  is  even  and  (i,j)=(a,3)  or  (3,3) 


if  k^  is  odd  and  (i,j)=(a,3) 


3^t 


a31 


dX,      dX„ 


Oi~k+l^      otherwise 


yhe 


9^t 


a32 


9x,  3x^  3x- 


c?(- 


3-k3 

ph     e. 


k+3-k. 


^)    for   k   =  0,1,2 


9'^t 


3303 


I 


3x,  3x^  9x-v 


C9(- 


D 


2-k3 

Uh      € 


k+2 


3^^)    for   k3  =  0,1 


D 


for  k  =  0,1,2,...  . 

The  estimates  for  the  strains  and  their  derivatives  are  given 
in  (0.6) 
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(0.6)v 


if  k. 


(9  { — r-)  ]  if  k-,  is  even  and  (i,j)  =  (a,3)  or  (3,3 


D 


if  k^  is  odd  and  (i,j)  =  (a, 3) 


1 
{^[ — uzrr]         otherwise 

hD 


co(^) 


h  e. 


if  k^  =  0 


if  k-,  is  even  and  (i,j)  =  (a,3)  or  (3,3 
if  ko  is  odd  and  (i,j)  =  (a, 3) 


^(^rrr)    otherwise 
I    D 


h  £ 


3-k 


9x,  3x„  dx^ 


=   Oi- 


3  - 


^k+3-k3 


)   for  k^  =  0,1,2 


for  k  =  0,1,2,.,.  . 

The  estimates  for  the  displacements  and  their  derivatives  are 
given  in  (0.7).   For  (0.7)  to  be  valid  we  must  first  perform  a 
rigid  transformation  so  that  u.  =  0,  u   ^    =0,  and  u^  ■■  =  0 
all  at  some  particle  whose  undeformed  distance  from  the  edge  is 
at  least  9D. 
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(0.7)^ 


d  U.  , 
ll 


3x^  8X2  8X3 


^1 


a'^u 


12 


9x-  8X2  3x^ 


hD 


h  £ 


if  k,  is  even  and  i  =  a 
if  k,  is  odd   and  i  =  3 


otherwise 


if  k-.  is  even  and  i  =  a 
if  k^  is  odd   and  i  =  3 


( j— )   otherwise 


D 


for  k  =  0,1,2,...  . 

To  define  the  elastic  parameters  we  will  use,  we  first  intro- 
duce the  strain  invariants  by 


(0.8) 


s,  =  e .  . 
1     11 


s^  -   e .  .  e  . 


13   31 


3     13   jk   ki 


Then  the  elastic  parameters  are 


(0.9) 


X    = 


y  = 


A  = 


B  = 


2 

9  W 


9s 


1 
9W 


9s, 


e.  .-0 


e.  .  =  0 


1  3^ 


2  _  3 

9s, 

2 

9^W 


e.  .  =  0 
ID 


9s,  9s2 


C  =   3 


9W 


9s. 


e.  .  =  0 
ID 


e.  .  =  0 
ID 


To  define  the  stress  function  we  first  define  T  ft(x  ,X2)  by 
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(0.10) 


aB    4)jh 


^\b   ^  '^ak^kB  -  ^^6^  ^^3 


Later  we  will  observe  that  T  „  =  T„   and  T  „  „  =  0. 
is  a  stress  function  (|;(x,  ,x  )  such  that 


Hence  there 


(o.ii; 


^11  =  ^22  '• 


^22  =  ^ll  ' 


^12=  -^12 


Let 


(0.12) 


V  (x,  ,x„ )  =  u 

a   1   2      a 


w  (Xj^,X2)  =  u^ 


x-,  =  0 


x^=0 


be  the  displacements  of  the  middle  surface. 

Many  combinations  of  the  elastic  constants  (0.9)  occur  and 
are  denoted  by  C,   (k  =  1 ,2  ,  . . .  ,  190) .   The  definitions  of  the 
constants  can  be  found  in  section  4. 

The  horizontal  displacements   v   of  the  middle  surface 

are  determined  by  (0.13).   By  integrating  the  first  result,  the  v 

h^ 
are  determined  to  within  C^tt"  e^^  *   Using  this  result  to 

eliminate  v   on  the  right-hand  side  of  the  second  result,  v   can 

then  be  determined  to  within  order  c9{—^   e^).   Thus  v   is 

•-   q3   2  a 

determined  by  an  iteration  process  in  terms  of  w  and  \p . 

In  (0.13)  and  the  following  the  operator  A  is  defined  by 


a 


A  = 


2      2 

-^  "^  ,  2 


9x! 


V 


a,6Y  ~    ",a^,6Y  ^  '^"■B'Y  ^  "^otY  /  3    ^YB,a 


,h2  - 


3XT27  <^B^^Y  "^  ^Y'^6-^B^'^'a)■^^(^  ^2) 


r      „      =  -  w,  w,„   -V    V   -+S„   +S    „-S  o   +^(— F  ^o) 


(0.13)-^ 


aB 


2      > 

h  [  ^,-,,_^o  \  All;   „+  C„,w   .Aw  +  C„.w    w    ] 
6(3A+2y)   ^,aB    23  ,a3       24  ,aY  ,yB 


The  even  and  odd  parts  of  the  displacements  are  given 
by  (0.14)  and  (0.15) 
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u    ,    =    -x^w      S 1- 
al 


1X1  2  2 

-WW       [^  +    „  ,  -.,  ^^    ,     Ai|j+   -5-  w      w      ]+     (C.c-x-,    +C,,h    )w      Aw 
,Y    /Y    2         2(3X+2m)       ^       8       ,v    ,v  45    3         46  ,Y       /" 


-(C95X2+    Cggh2)w^^^w^^^-    (Cg7x2+   C93h2)(Aw)2 


(0.14)- 


3A+4y         3_    2(A+y)       2 
.6(A+2y)    ^3         X+2y      "      3 


[Aw       (1+   —WW      ) -V         Aw      ] 
/«  2       ,Y    ,Y         YfOt       ^Y 


+     (CooX-,-    ,  ,  ^      x-,h    )w      Alp         +    (Co^x^H-   ^-  x-,h    )w        Aijj    ^ 
88    3      A+2y      3  ,Y       ,YOi  89    3      2m         3  ,aY       ,Y 


5  r 

x o  3  82  2 

+     [Cnr,    —^   +CmX-,    +    ^r x,h    ]T  w 

^90    ,2         91    3         2y         3      ■"    Y^/C    /Y^ 


x: 


+     (C 


c 

3  3  83  2 

rvA   — o-  +    C„tX_,    +   T^ x^h    )T      w 

90    ,2  92    3         2y         3  y^    /Y^^Oi 


+     ^^93^3   +    2?  X3h2)Aw   !,.p  ^^+ (C^^xl-C^^x^h^)  ^^    Aw^^ 

3 
^3  2 

+     (tt-   -x^h    )  r-w      AT      +w      w        w         +C„-,T      Aw 
3  3  ,Y      ctY       /Y    /Y^    'Ot^J       8'    ay       ^Y 


+     (2+    ^)w         T  ]    + 


3  2 

(x-,-6x^h    )w        w        Aw 


2y       ,yv    YC/V  6{A+2y)  3         3  ,Ya    ,y 

c 

-   x-,v        |-w      (1-   TTT-^r-  Aijj-  -^  w     w      )+w     V        U6'^(^  ej 
3   y  ,a\      ,Y  3A+2y      ^2       ,v    ,v         ,v   v  ,y ]     ^^5      1 


2  A 

^a2    "    ^a        ^3\2(3A  +  2y)    ""^,0 


^4^    ^     -    C^a'i'    ..,> 


39^,YV^,Yva  173    ^      ^,a 


■Ti- ,.  ,  ^ — T  w         Aw    -    77   C.w         Aijj      w 
2(A  +  2)j)        ,a  2       4     ,a  ,y    /Y 


A 


w      Aw 


2      5    ,a    ^  Y^a  [_2  (3A  +  2)i)       ^,y         2{A+2y)        ,y 

2 


x. 


1  1  "3  2  2 

'2142    ,2'     ,a    yv    ,yv  174    3      175  ,yv    ,Yva 


2  2  2  2 

+     (C^ -,,x-,+   C-,-,-,h    )  Aw   Aw      +     (C,-,oX-5+   C,-,Qh    )w  Aw 

176    3         177  ,a  178    3         179  ,Ya         ,y 


+  cnh  ^2) 

D         ^ 
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(0.15)-^ 


2  2 

u^^    =    x^i-    V.  \       Ailj    +    C^r.A>         i>         +    C.t(Ai|;)    +    T      w      w 
32  3\      3A+2m      ^  39^,YV    ,YV         43      ^'  yv    ,y    , 


-    w      w 
/Y     .Y 


^  +    ^  ,-,, — ^i — r  All;    +   -5-  w      w 
_2         2(3A  +  2y)        ^         8       ,v     ,v_ 


+     (j  C^x]   +    C4^h2)w^^^w^^^+     (C^^x^    +    c,2h') (Aw) 
+     (C45X2    +    C,gh2)w^^Aw^^}    +    09(^^2^        . 


The    strains    are    given    by     (0.16),     (0.17),        (0.18) 


(0.16)- 


agl  31       ,a3 


3X+    4m    ^2    _    2(A+y)     ^^2 


5(A  +  2y)        3  A  +  2iJ 


Aw 


,a6 


+   \a6^3ATIT7  ^^    -    I  \y",Y^    -"   ",Y^^6,a+    ^aY^B"    ^aB  ,Y^ 

4 


3A 


Kr-    fw    „AiJ;         +   w      Ai^    ^    -    6    .w      Ai|j      )  [    +    (9  (^  ej 


^    oo    =    -5    o|-    TT-r^  A'l^    +   C_„4i         li^  +    C,„(AiJ;)^ 

a32  aBl       3A+2y      ^  29^,yv     ,yv  30 


2  2 

+    h    lC-,,w        w  +    C_,T  (Aw)     ] 

31    ,YV    ,YV  32 


■"    ^aS    "    ^21^3^*^    ~    ^22'^aY^Y6"^    2(3A  +  2y)     ^^3      3    '"^a3 


(X?-    ^)A^ 


2       ^      v,2 
x-,+    Cooh 


2y)       3'    ^23' 


12  2 

w      „Aw+    f^x^-C„.hlw        w      , 
,a3  *-2       3         24       -'     ,aY    ,Yf 


+  (?(4^.] 


D 
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e    o-i    =    o"    (x-3-h         <     ■.  .  o  (1+    t"  w      w      )  Aw 

a31        2        3         '     [    X+2]i  2      ,y    ,y         ,a 


+    ,  ,  ^       (w      w        Aw   +   w      Aiii         ) 
A+2y         ,Y    ,yoL  ,Y       ,Ya 

"^^   w        Aijj         -     (tt^  +   ^  ^)T,„,    „w 


(0.17)-, 


2y  ,aY    ^,Y  2ii  2    ,2         yV/a    fY^ 

2 
C  X  C 

-     (tt^   +    ^  -4-)T      w  -    -r^   AwAijj      +Co,A4jAw      -w       AT 

2y  2   ,  2    '    Y^    ,Yva      2)j  ^,a      86    ^       ,a      ,y      ay 

r 

+   w      w        w,       +    C0-7T         Aw         +     (2+   ::r-)w         T 

,Y    /Y"^      ctv         87    aY         /Y  2y       ,yv    yc^/V 


A 


.  ,.  ,     .    w       [w        w 

4(A  +  y)       ,a'    ,yv 


,,„-    (AW)^]}..?!^.,) 


'a32 


2       2 
=    x^Cx^-h    ) 


'165 


WW  +    CtttAwAw      +C, -,~w         Aw 


2y         ,YV    jY^ot         171  ,a      172     ,aY       ,Y 


D 


(0.18] 


A  3 

eo-,1    =    x-|S  ,  ,  „      Aw   +     (C-,    +    C^    ^7)  T      w 
331  3lA+2y  1  2    ,2'    y^    'Y^ 


— ^    (w      Ai|j      +   ^  w      w      Aw)    +    C,Ai|jAwI    +    (0  [K-  ej 
V+2y         ,Y       ,Y      2       ,Y    ,Y  3    ^      J  ^'^      1 


•332 


-,,  ,  „       A\b    +    Cor>>|J         ^         +    C,„(Aip)    +(C-,X-+C.,h    )w        w 
3A+2y      ^  39^,YV^,YV         40      ^  7    3      41  ,yv    ,y> 

2.  _      ,  2,  ,.     ,2 


-h^    - 


+    (03X3+0^2^^  (^^^       +    d5^\   ^2^ 


The    stresses    are    given   by     (0.19),     (0.20),     (0.21) 
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=   6    ...i-  I^Aw(l+  iw,w  J-    ^,^2uU3xl2u)   \y'Ky 


'a31  a6    31       A  +  2m 


2       ,Y     /Y' 


X. 


+    (^69    ^    ^^67   ;t)^v^,yv-'    ^70^^    ^^ 


+     X. 


-2ijw      „  + 

,a3 


y  (3X  +  4tj)       2_    4m(A+m)    ,2 
3(A+2m)  3  A+2m 


Aw      _+C_,tW      „Aij; 


(0.19)- 


-  uw      w      w       „    +    2yw       (To  +    T   ^     „    -    T^^    ^  ) 
^    ,Y    ,Y    'CtB                /Y      Y3,a  ay  ,Q           a3,Y 

-  TTT^    (w    oA<JJ        +   w      A4^    .)  -    1^  T^o    Aw 
3A+2y         ,3       fO            ,a    ^,3  A+2m      a3 


-    C  (w         T    o    +   w 
/ttY    yB 


,3,V}^^^^^1) 


^a32    -    ^a3^33^YV^YV^    C3,(A^)^     (Ci2X3+C35h2)  w^^^w  ^^^ 
+     (^134+    C3gh2)(Aw)H+    2mT^3    +    ^37^3^*^ 


+    C^oT       T    „    + 


38    aY    yB         3A  +  2ij     '3         3    '     ^  ,aQ 


+(C^3x2-2,C23h2)w^^gAw   +(€^6^3"    2yC24h2 ) w ^^^w^^^ 


D 


(0.20) 


+    T-T^     (w       w  Aw    +    W       Aljj  )     -    C-,c:W       ,  Alp    . 

A+2y         ,Y    ,Ya  'Y       'Y^  75    ,aY    ^ r 

7  2 

^3.~  '^       .  3, 


-     (Cq^  +  m    ^)T^,,,    ^w   ^^^,-     (C„^+y    ^■)T^^^w 


82''^    ,2' "YV,a"  ,YV       '■^83'*"    ^'    y\)    ,yva 


-    C79^^^^a-    ^4^"^    ^^,a-    ^mCw^/T^^"   w^^w^^^w^^^) 


+    Coc;T      Aw         +     (4y+C)w         T^ 

85    aY       ,Y  ^    ^       '     ,Yv    Ya,v 


+ 


,),^    ,    w       [w        w         -     (Aw)2]|    +  ^[ii^   ej 
2(A+y)        ,a'    ,yv    ,yv  J         ^^    ^^      1 


t  ,o  =  x^(x,-h  )ic,^cW    w     +  C,^^Aw  Aw   +C,-,^w    Aw  \ 
a32     3   3     [    165  ,yv  ,Yva    167      ,a   170  ,aY   ,YJ 


o  rMh   - 


C^( 


5  ^2) 
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'^331    =    -3  (^'--'3)     {lO     (1-    r|)(^^ 


(0.21) 


w  +    2T  w  ) 


148    ,YV    ,YV  149    ^,yv    ,yv      ^^2      yv    ,yv    ,oj    ,0) 

2 
"     ^''l^O-    To    ^)V^\yv^    ^15i(^-)H52    ^  \v-,YV^'^ 


+   ^    (2u+C)w        w        w 

3         ^  ,yv    ,vaj    ,a)Y 


(T      w         +    ^   ^         ^         Aw    -    2T      T      w 


2         yv    ,yv      2    ^,yv    ,YV 


YV    VLO    ,aJY 


-2TT  w         +1I)         lii  w) 

YV    aJY,v    ,(jo         ^,yv^,yvw    ,00 

^332   =    <=<3-h^{pw^^^„^^^.^   j^    (AW)2*   C,32'i*(Aw)2 

2 

+    ^183^'*^^,YV^,YV-'    ^^189+   ^185   ^^''yv'' ^yv^"" 

2 

+    {y+C)w        w        T      +     /.^o    X  /■:,';',-,, ,x    w      ^^    ^  Aw 
,Y^^    ,V(i)    WY       {A+2y)  (3A+2m)        ,y       ^Y 

+    TT^  w      w       (Aw)^ 
X+2y       ,Y    ,Y 

2  2 

+    (C  o^x-,    +   C,„„h    )w        Aw        +    yw      w      w        w     , 
^186    3  190  ,YV       ,y\)  ,Y     /Y     f"^^    ^^^^ 


+    2yw      w  (T  -    2T     ,       )+ 


4Ay 


Aiij      w      w 


,Y    ,V(jo      vco,y  y\),^        3A  +  2y      ^  ,y    ,v    ,yv 

+  3IT2T^^v^^Yv 


-14- 


The  differential  equations  for  w  and  \l)    are  listed  in  (0.22) 


(0.22) 


(    2 

^  57^,Yva)    ,YVoa         58^, yv       ,yv         59    ^  ,y    ^  ,y 

+    C^^T      hip  +    ]]'^^'^^     [w         w         -(Aw)^][l+w      w      +C,,A4;] 

60   yv       ,yv         4(A  +  y)  ,yv    ,yv  ,(ja    ,u)      61    ^ 

-  o^tu.^l'    WW  (2T  -    T  )    +   ^  w      w         Aij; 
2(A  +  m)        ,y     ,cov         yoj  ,v         cov,y  X+y       ,y    ,yv    ^  ,v 

-  -.  ,  ^    w      AwAilJ         +    C^^T      w         Aw 

A  +  M       ,y         "^  ,y  62    yv     ,yv 

2  h^    - 

+    h    (C,,w  w  +    C,.w        Aw        +    C,pAw      Aw      )  +  C^i^  £-,) 

63    ,yvuj    ,yvto         64    ,yv       ,yv         65       ,y       ,y  r°      2-' 

^i^'to^  N       h^A^w   =    Tw        +   k   '^         ii        AW-2TTW 
3(A+2)j)  yv    ,yv      2       ,yv^,yv  yv    voo    ,wy 

yv  ajy,v  ,lo    ^,yv^,yv(x)  ,to 

+  n  ,o^,  o  N   [4T   Atjj   w   -  (Ai|;)^Aw  -  2A4;  Ai|^   w   ] 
2(3A+2)j)     yv  ^,y  ,v   '  ^'         ^   ^,y  ,y' 


153  yv  ,yv  ^ 


+  h  rc,c/iW   w    Aw   +  C-,cr-w   Aw   Aw  +  C,  ^^w   w    w 

154  ,y  ,yv   ,v    155  ,y   ,y       156  ,y  ,V(jO  ,yva) 

+  C,^-,Ail;   Aw   +  C,  cqAT   w    +  C,  c„T     w 

157  ^,y   ,y    158   yv  ,yv    159  yv,OJ  ,yvw 

+  C,^„w    w    Aw  +  C,^,Aijj    w    +  C,^tT   Aw 

160  ,yv  ,yv       161  ^,yv  ,yv    162  yv   ,yv 

+  C,..(Aw)^-  I  w    w    w    ]  +  0[-^   eJ 
163        3   ,yv  ,voj  ,a)y     ^  "^   6  l^ 


The  simplification  of  the  results  which  we  present  here  is 

valid  for  very  small  strains  with  relatively  large  bending 

v» 
permitted.   More  precisely,  we  consider  the  case  e^  =  CP  [ — o) 

4  _         4  ^  D^ 

and  e-j   =  (0  { — j)  .   Then  e^   =0[ — j]  •      Since  e,  is  permitted  to 

^        D  D 

be  larger  than  z^,   we  say  that  relatively  large  bending  is  permitted. 
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The  simplified  version  of  (0.13)  no  longer  involves  an 
iteration  and  is  listed  as  (0.13'). 


(0.13') 


V   „   =-ww„   +T.    +T    .-T. 
a,3Y      '^    '3y     a6,Y     CY^B     YB/a 


^,^^       (6  „Aip    +6    AtJ;  „  -6  „  AiJ;   ) 
3X+2n    a&    ^ ,y        aY    ,3    aB   ^,a 


31    ,v(jj      a3    fVcjJY      oiY    /VwB      Yp    /Voja 


+    2h   C->-Aw(6    .Aw      +6    .Aw   „-6    .Aw      ) 
32  ag       ,Y      a6       ,6      y3       ,a 

A  2 

"    6(3A+2y)    ^    ^^,a6Y 


-    C«-,h    (w      .    Aw+w      .Aw      +   w        Aw    „-   w      „Aw      ) 
23  ,aeY  ^a3       /Y         '°^y       'S  'Y6       ,a 


h^  - 


-   C^.h    (w        .w        +    2w        w      o    ~   w        w      _    )+:;9f — F  e„] 
24  ,av6    /VY  /Otv    ,v6y         ^Y^    ,v3a  *-    „5      2-' 


D' 


Similarly  we    list   the    remaining   simplified   results, 


u        =    -    x^w      {1    -    -,,  ,  ^      Atjj    -   ^  w      w 
al  3    ,al  3A+2y      ^         2       ,y    /Y 


(0.14')-^ 


3A+4y      ^3    _    2(A+y)     ^    ,2 
6(A+2y)    "^3         A    +2m         3"   , 


Aw 


+   x^v        w      +/1?(-^  e-,] 
,a         3   Y^oi    ,Y    '^  ^    n^      1 


U     ^     =     V        +     X- 


A 


^^ 


w         Aw 


a2  a  3    \2(3A+2y)    ^,a         2(A+2y)        ,a 

2  2  2  2 

+    (C174X3    +    C^73h    )w^^^w^^^^+(C^7gX3+    C^^^h    )AwAw^^ 

+    (^178^3   +    ^179h'>",Ya"^,Y}    ^    ^^^  ^2^ 


f  ^31  ^  "  -^  ITaWT  "3  ^^  -^  <^^(-^  ^1) 


(0.15') 


u^^    =   x^<- 


A  1  12  2 

32  3[      3A+2y      ^         2       ,y    ,Y         ^      7    3  41  ,yv     ,yv 


+  (€44X3+ 


C42h2)(Aw)^    (C45x2+C4,h2)w^^Aw^^}+(^(^  l^] 
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'a61 


3  1        ,aB 


3A+4y         2    _    2(A+M)       2 
6(A+2y)        3  A+2m      " 


^",a6^   -^ 


}^^^(^e,) 


=    6 


ae2  a6l       3A+2m 


^         All;    +    h^ 


C-,,w        w  +    C,T  (Aw) 

31    ,YV    ,YV  32 


(0.16'  )■ 


a6     '     2(3A+2u)     ^^3         3    ^^''',a3 


A 


2  2 

x^   +   Ch"^ 


L2(A  +  2y)    -^3    '    -23"   j'',a3^''   "" 


12  2 

2       3  24  ,aY    ,y3 


D 


'a31 


-IT^^4-  ^'>'\.  -  6?(^  ^1) 


(0.17') 


'a32 


,    2    ,2,     J-165  ,    ^         ,       , 

x,(Xn-h    )     i—^ w        w  +    C,-,,Aw   Aw 

3      3  I    2p         ,YV    ,Yva  171  ,a 


+   C^^w    _..Aw   ..y   +  (Q  [^   Sy] 


'172    ,aY       ,Y 


D 


=  irlrr  ''a'"  -^  (?  (^  ^1) 


•331         A+2m 


(0.18*)- 


•332 


A  2  2 

3A+2y       ^  7    3  41       '     ,yv    ,yv 

4 
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'a31 


A  +  2iJ   3  aB         3  ,a3 


y(3A+4M)   3  _  4y(A+y)     2 
3(A+  2y)   3     A  +2y   '^3" 


Aw   „  +  C^i 


OrVh 


D 


4  ^J 


ta62  =  ^3f^^l2"3  +  ^35h')^,YV^,YV^  ^"^is"'^  C3gh2)(Aw)2] 


(0.19')-^ 


+  2mT  „  +  T^-  (^?  -  §-)Aii^   „ 
ag    3A+2y    3    3     , ag 


D 


(0.20')- 


^  2y(A+y)  ,2  _   2        /O  fHl^  e  1 


D 

2    2  r 

a32     3'  3    'I  165  ,yv  ,Yva    16/     ,a    170  ,aY   ,Y 


iyf_yh_ 
D 


(^[ 


5   ^2^ 


Y^  '^^  r,°    ^ 


D 


^^    (Aw) 2 


^331   ^^3^-'-  ~   ,2 
h 


2   2 

t^^^=    (x-,-h  )  ■(  yw   w    +   A,o 
332     3    'I   /Y^  /Y^     A+2y 


(0.21'){        +  (C^90h^^  ^186^3)^,Yv'",YV 


2   2  1 

+  (x3-h  )  (Ci88^^,y^^,y"  4  ^165^,YVt.^,YvJ 


D 
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(0.22'). 


A    \b    =     .  ,,  , — r-  [WW     -  (Aw)  J 
^    4(A+y     ,yv    ,yv 


+   h  (C,-,w     w     +  C,.w    Aw    +  C,c^w   Aw   ) 
63  ,YVw  ,YVW    64  ,yv   ,yv    65  ,y       ,y 


*  C  (A  s,) 


2(X+p)  .22  _  „  „ 
-.,,,- — T  n  A  w  —  1  w 
3(X  +  2y)  yv    ,y\) 


h' 


Oi^   ej 


The  most  important  of  these  results  is  perhaps  (0.22'). 
We  see  that  one  of  these  equations  is  a  von  Karman-Foppl 
equation  and  the  other  is  a  von  Karman-Foppl  equation  plus 
several  bending  terms. 

A  consequence  of  using  the  two  strain  parameters  e,  tZy 

is  that  certain  vacuities  are  avoided  which  occur  if  the  one 

strain  parameter  e  =  max | e . . |  is  used.   If  the  plate  is  slightly 

buckled,  e  >  e   >  0  where  e   is  the  lowest  critical  value  of  e, 
'       c  c 

but  e,  may  be  as  close  to  zero  as  one  pleases.   Consequently, 
if  the  remainders  in  our  results  were  all  given  with  e, ,  €2 
replaced  by  e,  the  remainder  term  would  be  the  largest  term 
in  half  the  results  when  e,  is  sufficiently  small  and  e    >    e 

Additional  work  needs  to  be  done  to  compare  (0.22')  or  other 
simplifications  of  (0.22)  with  plate  equations  obtained  by  others, 
The  techniques  used  to  obtain  these  results  are  essentially 
the  same  as  those  used  by  F.  John  [1] ,  and  this  author 
hereby  expresses  his  appreciation  to  Professors  F.  John  and 
J.  Stoker  for  helpful  discussions  on  the  material  presented 
in  this  report. 
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1 .   Splitting  Functions  into  the  Odd  and  Even  Parts 

Since  separate  estimates  are  to  be  found  for  the  odd  and 
even  parts  (as  functions  of  x.,)  of  each  function  to  be  estimated, 
we  are  faced  with  the  problem  of  finding  expressions  for  the  odd 
and  even  parts  of  nonlinear  functions   of  the  stresses,  strains, 
and  displacements.   We  first  consider  the  strain  invariants 
of  (0.8).   Letting  s.   be  the  even  part  and  s.   be  the  odd  part 
of  s.  ,  we  find  that 

S-,      =  e  .  .  „ 
le    ii2 

s  .  _  =  e  .  .  , 

XO      111 


(1.1) 


2e     ijl  ijl     ij2  ij2 

s„   =  2e .  . T  e .  . _ 
2o      i]l  i]2 

^3e  "  ^®ijl^jkl^ki2  "^  ^ij2^jk2^ki2 

^3o  "  ^ijl^jkl^kil  "^  ^®ij2^jkl^ki2 


Following  the  above  procedure,  the  subscript  e  will  always 
denote  the  even  part  and  the  subscript  o  will  always  denote  the 
odd  part  of  a  function  of  x-. 

Next  let  6t,   (k  =  1,2,3...)   denote  any  analytic  function  of 

the  strain  invariants  which  is  of  order  k  in  the  strains  e. .. 

ID 


Th 


en  //,   and  'C^   are  of  course  the  even  and  odd  parts  otCC,. 

If  S,,S2,...,S    denote  any  sets  of  functions,  then 

''l  ^2  ^n 

S,   S^   ...  S    F  (S-,  ,S„  ,  .  .  .  ,S  )  will  denote  a  linear  combination 
X    ^       n     LA  n 

of  terms  which  are  a  product  of  k-,  elements  of  S   ,  k   elements 

of  S„  ,  . . . ,  k^  elements  of  S   ,  and  a  function  of  the  elements 
^         n  n 
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^1    ^2       '^3    ^4 
of   SwS^,...S    .    We   will    use    notation    such    as     (S^    S„    +5^    S„    )F(S,,S„) 
12n  121212 


for  a  function  which  is  a  linear  coimbination   of  functions  of 

k   k  k3  k^ 

types  S   S2   F{S,,S2)   and   S,  S2   F(S,,S  ).   Coefficients  in  the 

various  linear  combinations  will  depend  only  on  the  elastic 

parameters.   Notice  that  meaning  has  not  been  given  to  F  itself. 

Let  e,  be  the  set  of  functions  e .  . -,  and  e2  be  the  set  of 
functions  e ■  ■ 2'       Then  s.^  =  e^F(e^,e2)   (i=l,2,3)  from  (1.1), 
and  the  same  will  be  true  for  any  analytic  function  of  s,,S2/S,. 
Thus  ^Qg  =  F{ej^,e2)  andO^^^   =    e^F(ej^,e2). 

Since  <::^^  =  ^^s^  ''"^0^2  """^O^S  '  ^^^   above  and  (1.1)  yields 
^le  ^  (e2+ej^)F(e^,e2)  and  ^^^  =  e^F(e-^,e2). 

Since  (^^^  =(Iq^2   '^^0^2    ^  ^\^\    '    ^^^  above  and  (1.1)  yields 
Cl^      =    (e,+e2)F(e,  ,6^)  and  uf 2^   =    (e-^^e2+e^)  F  (e^^ ,  62)  . 

Similarly  ^^   "^^0^3  "'''^1^2  "'"^2^1   ^°  that 
^^3e  "  ^^1^2  "^  ^2  "^  eJ)F(ej^,e2)  and  ^3^  =  (e^  +  6^62)  F  (e^^  ,62)  • 
Also  c:^  ^"^1^3  "'■'^2^2  '^^^2^1    ^°  that  (^'   =  (e,  +  ^-^^2'^    e2)  F  (e-j^  ,e2) 
and  (^   =  (6-162  +  6,e2  +  e,)F(e,,e2). 

We  list  these  results  as  (1.2). 

^^Oe  =    ^(^l'^2) 

^00  ^  ^1^(6^, 62) 

2 
^le  "  (e2+ej^)F(ej^,e2) 

^/lo  =  e^F(e^,e3) 

^^2e  =    ^4   +  e^)F(e^,e2) 

3 
^2o  "  ^^1^2  "*■  e^)F(ej^,e2) 

^3e  "  ^^1^2  "^  ^2  "^  e^)F(e^,e2) 

^3o  ^  (^1  ^  ^1^2)F(^1'^2) 

^4e  "  ^®1  "^  ^1^2  ^  e2)F(e^,e2) 

(^4q  =  (6^e2  +  e^e2  +  e^^)  F  (e-|_ ,  62) 
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(I.2; 


From    (0.9),     (0.2),     (0.8)    and    the    fact    that   W   is    second  order 
in    the   strains , 


(1.3) 


W      =      I  sj    +    yS2    +   I  sj   +   Bs^S2   +   §  S3    +^4 

.t^j=       (As^+   As^   +   Bs2+^3)6ij+    2  iM+Bs^-^t^^)  e^^+    (C-^i)^^]^%^ 


From    (1.3)  ,     (1.2)  ,    and    (1.1) 


(1.4)^ 


^e   =   I    ^4e   -^   ^lo^    +   ^^^26-'  t    (^le+^=le^L)+   ^  (^le^2e-'=lo^2o' 

C  4      2    2         4 

+    3-  S3      +    (e,+e,e2+   e2)F(e,  ,6^) 

X22  234  22 

^    2    ^^le''"^lo^    "*"   ^^2e"^    (6^^62+62+6^^)  F  (e^^  ,62)  =    (6^+62)  F  (e^  ,62) 

A3  2 

^o   =   ^^le^o  -^   ^^^20  ^    3    (^lo-'^^o^le)+   ^  (  =  le^2o-'^lo^26) 

+    3    ^3o^    (6je2+63^e^+e^)F  (6^,62) 

3  2  3 

=    Xs,     s,    +    MS2Q   +     (6,+6j^e2)F(e^,e2)=    (6^62+6^)  F  (e^  ,62) 

tijl=    (^^10+    2As^^s^^+   B^2o)^ij+    2(y+Bs^^)e. .^+    2Bs^^6. .2 

3  2 

■^   ^(^ikAj2+  ^ik2^kjl^    ^    (e^+e^e2)F(6^,62) 

=   ^^kkl'^ij    ""    ^^^ijl   "■     (eie2+6j)F(6^,e2) 
tij2=    f^^le"'   ^(^L+^lo)^   ^^2e^'5ij    ^^  (P+Bs^^)  6  .  ^  2+   2Bs^^6.  .^ 
■^   ^(^ikl^kjl+   ^ik2^kj2^    -^    (62e2+6^+eJ)F(6^,e2) 
=    ^^kk2^ij    +    2y6. -2   +    (e2+e^)F(e^,62) 
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The  equations  for  t. .   in  (1.4)  can  be  inverted  when  the 

1 3  t»J 

strains  are  sufficiently  near  zero  (i.e.  when  Q    is  sufficiently 
small)  to  obtain 


=   ^    (t, 


A 


(1.5) 


■■■     1    -    o,      ^-■•1  T^^o       ^,,^6..)     +     (t^  t    +t,  )F(t,  ,t    )=    t^F(t,  ,t    ) 

i]l         2)J         i]l         3A+2)j      kkl    ij  121  12  112 


;.  .^    =    ^    (t.  .^    -    TTXo-    t,  ,  o^^^)     +     (tf+t^)F(t,  ,t    ) 
ij2         2iJ         132         3A+2y      kK2    ij  12  12 


=       (t^    +    tj^)F(tj^,t2) 

where  t    is  the  set  of  functions  t.  .    (co=l,2)  . 

We  introduce  p.  .  in  (1.6)  and  define  p.  .   ((j0=1,2)  in  the  usual 

way.  Then  the  rest  of  (1.6)  follows  from  (1.4),  (1.5),  (1,3), 

(0.3)  and  (0. 4) . 


(1.6) 


r   p.  .  =  2e . ,  t,  .  -  W6  .  . 

'^i]  xk  k;]  13 

Pijl  ^  2e.^^tj^.2  +  2e.j^2\jl-  Vij^ 

Pij2  ^  ^e.j^^tj^.^  +  2e.j^2^j^j2-  ^e^ij^ 


(t^t2+t^)F(t^,t2) 
(tJ+t2)F(t^,t2) 


p.  . 


JIOJ 


p  T   =   0    for   X-,  =  +  h 

'^a3oj  3    — 

t. .   .  +  p. .   .  =  0 


Lines  1,  2,  and  4  of  (1.7)  are  definitions,  and  the  fifth  line 

contains  the  compatibility  conditions  for  the  strains. 

(g   )  denotes  a  matrix  and  (6. .+  2e. •)    denotes  the  inverse  of 

the  matrix  (6.  .+2e.  .).   The  third  line  follows  from  the  second  line 
ID    1: 

when  the  strains  are  sufficiently  near  zero. 
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(1.7)  \ 


V .  .,     =e.,  .  +e.,   .  -e..  , 


ID 


g"-")  =  (6  .  .  +  2e.  .) 
^         ID      ID 


-1 


ID 


=  6  .  .    -    2e .  ■    +    4e.,e,  .  -  8e.,e,  „e„.  + 
xj  ID      ik  kj  ik  k^,  Ij 


nm  nm 

'^ijkii,     ijn  ^    k£m    ikn  ^     j£m 


^   ^j£,ik   "*"   ®ik,j£    ~   ^ij,kJi   ~    %l,ij         ^ijkJl 


We    introduce    T.  ..        /    g    ""       /    and   c.  .,  „  (a)=l,2)     in    the   usual 

ijko)  to  ijkx,aj 


way.      For   example,    c.  .^^^   =   c.  .j^^^   +   c^.^^^   where   c.  .^^^^ 
even   function   of   x^    if   to   plus    the   number   of    threes    among 


IS    an 


i,j,k,£      is   even,    and   otherwise    c..,„ 

1 J  iC  X/  to 

Then  we  obtain  (1.8)  from  (1.7)  and  (1.5). 


is  an  odd  function  of  x. 


(1.8)"^ 


r  ^      e  "I"   e  ,    ~   e .  . 

ijkoj  jktiO,i  ik(jo,j  ijco,k 


^^■^1        "      e-^F{e^,e^)    =   t^F(t^,t2) 


^'\ 


=      6^.    +    F(ej_,e2)    =    5^.    +    F(tj_,t2) 


_                   ,    nm  nm      „           , 

^ijkJll              ijnl^^      2    ^k£m2  ^1      k£ml^ 

/    nm  „  ,  nm      „           , 

■^    rijn2(^      1  ^k£m2  +  ^      2    ^k£ml^ 

/    nm  „  ,  nm      „           > 

-  ^iknl^^      2  rjilm2  +  ^      1    ^jJlml^ 

,    nm  „  ,  nm      „           , 

-  rikn2(5      1  rji!,m2  ^  ^      2    ^jJlml^ 


^ijk£2  ^ijnl^^      1      k£m2 

4-    r  ,    nm      „ 

ijn2  ^^      1      kilml 


nm 


1       nm      p 
+  g     ^   r 


2      k£ml 


) 


nm      p 
+  g     .   r 


2      k£m2 


) 


nm 


-    ^iknl^5      1    ^jJlm2    ""    ^      2    ^j£ml^ 

,    nm  nm      „  . 

^ikn2^5      1    ^j£ml        y      2    'jJlm2' 


j£to,ik    "*"    ®ik(jj,j£         ^ijto,k£         ^k£co,ij         ^ijk£to 
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If  A  is  a  set  of  functions  of  x, ,x^,x^,   we  let  A'  denote  the 
set  of  all  first  derivatives  of  elements  of  A.   Since  A'  is  also 
a  set  of  functions,  this  also  defines  A",  A'",  etc. 

From  (1.5)  and  (1.8)  we  obtain 


(1.9) 


'ijl,k 
'ij2,k 


^ijk£l 


'ijkj,2 


(t;  +  t^t')F(t^,t2) 

(t2  +  t^tj  +  t2tj^)F(t^,t2) 

(tjt2  +  tj^t^^  +  t^tj^  +  t2t]^^)F(tj^,t2) 

^HV2    ^  4'  ^  44^2  -^  t'2)F(t^,t2) 


We  saw  above  that  a  derivative  of  a  function  of  type 
^1^^^1'^2^  is  a  function  of  type  ( t^+t-j^t2  )  F  ( t-j^ ,  t2)  .   We  therefore 
let   [tj^F(t,  ,  t2)  ]  '   denote  a  function  of  type  (t'  +  t,  t '  )  F  (t,  ,  t^  )  • 
We  do  this  even  if  the  function  of  type  (t,  +  t,t')F(t, ,tp)  is 
not  the  derivative  of  a  function  of  type  t-,F(t,  ,t„).  Similarly 
[t, F ( t,  , t^) ] "   denotes  a  function  of  type 

(t!^  +  tj^t2  +  t|t2  +  t|  +  t^t2  )F(t,,t2),  etc.   Using  this 

3 
convention,  [ (t, t2+t  ) F ( t, , t2) ] '  denotes  a  function  of  type 

(t|t2+t^t2+t^tj^)F(tj^,t2)  and  [  (tj^t2+tj)  F  ( t-j^,  t2)  ]  "  denotes  a 
function  of  type  (t^t2+tj^t2  +t^t"  +  t|t2+t^t|  +t2t|^+t^t2  )F(t,  ,t2). 
Comparing  this  with  (1.9),  we  get  the  first  line  of  (1.10). 
Similarly,  we  get  the  second  line  of  (1.10).   This  makes  it  possible 

for  us  to  combine  c.  .,  „   with  other  functions  which  occur  later 

1  jk£(ja 

in  (1.11) . 


(1.10) 


^ijk£l  =  [(tit2+t^)F(t^,t2)] 
^ijk£2  =  [(t^+t^)  F(t^,t2)]" 


Using  (1.5),  (1.10),  and  the  compatibility  conditions  from  (1.8), 
we  obtain 
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(I.ID- 


^j£l,ik  "*■  ^ikl,j£    ^ijl,k£  ~  ''^k£l,ij 


3X+2y    mml,ik  jZ  mml , j £  ik     mml,k£  ij   mml,ij  k£ 


+     [{tj^t2+tpF(t^,t2)J" 


^j£2,ik   "*"    ^ik2,jJl         ^ij2,k£    ~    \£2,ij 


X 


3X+2\i    ^^mm2,ik*^j£   "*"    ^min2 ,  j  £    ik        *^iraii2,k£    ij    ^iTim2,ij    k£' 


+     [(tJ+t2)F(t^,t2)]" 
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2.   Relations  Among  the  Derivatives  of  the  Stresses. 

If  S  is  a  set  of  functions  of  x, ,x  ,x^  ,  we  let  S  be  the  set 
of  first  derivatives  with  respect  to  x, ,x^  of  functions  in  S. 


Since  S  is  also  a  set  of  functions,  we  have  defined  S  ,  S   ,  etc. 

• (^^  I (k) 

We  let      denote  k  super-dots  and       denote  k  super  primes. 


If  S,  S,  /  S„   denote  sets  of  functions,  notation   such  as 

S  =  S^  +  S^  +  (t^t2+t^)F(t^,t2) 

means  each  function  in  S  is  a  linear  combination  of  functions 

in  S,  and  S„  and  a  function  of  type  (t, t^  +  t, ) F ( t,  , t^ ) .   The 

coefficients  in  these  linear  combinations  will  depend  only  on 

the  elastic  constants. 

Let  a,    (k=l,2,...;  aj=l,2)  be  the  set  of  functions  of  the  type 
kco 

3^t.  . 


3x,  3x„  dx-. 


such  that  ko  =  0;  or  k^  =  1   and  {i,j)  =  (a, 3)  or  (3,3);  or  k, 

is  even  and  (i,j)  =  (a, 6)  or  (3,3);  or  k,  is  odd  and  (i,j)  =  (a,  3) 

The  various  cases  are  not  mutually  exclusive. 

Let  b,     (k=l,2,...;  aj=l,2)  be  the  set  of  all  functions 


oX^   oX«   oX-3 


with  no  restrictions. 
We  next  show  that 
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(2.1)  ■ 


^kl 


^k2 


kl 


^k2 


t|'^^  +  [{t^t2  +  t^)F(t^,t2)]  ■  ^^^ 


t^^^  +  [(tJ+t2)F(t^,t.)]'  ^^^ 

^^aai!^  "  ^f^  "  [(4vtJ)F(t^,t2)]'('^: 


for  k  =  1,2,3,...  . 

Here  {t  „   ,}   denotes  the  set  of  all  functions  of  the  type 


^^t 


ggo) 


^1   ^2 

3x,  8Xp  9x^ 


The  functions  in  a,   are  those  of  the  types  t.  .     and  t . -,   t 

Ico  -"^  ijco  ,a  i3oo ,  3 

The   conclusion      for   functions    in    a,       follows    immediately    from 

loj  -^ 

the  following  results  listed  in  (1.6). 


(2.2)    p.  .^ 
^  Pij2 


^i3aj,3 


-  t.      -  p.  ■ 
iaaj,a    i]co,j 


(tj^t2+tj^)F(tj^,t2) 
(tJ+t2)F(t^,t2)  . 


The  only  functions  in  b,   which  are  not  in  a,   are  of  the  type 

loj  loj  -^  ^ 

t    o       ->•      Thus    the    conclusion    is    trivial    for   b,     . 

a6w,3  Ico 

Each  function  in  a„   (b^  )   is  the  derivative  with  respect  to 

2to    2(jo  '^ 

x,  or  Xt  of  a  function  in  a,   (b,  )  unless  it  is  of  the  form 
12  Ito    Ito 

t.  .   T^.   Thus  (2.1)  is  valid  for  those  functions  of  a,-,   and  b^ 
iDto,  33  2w       2aj 

for  which  not  all  differentiations  are  with  respect  to  x^. 
From  (2.2)  we  have 
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^332,33      =    ^W,3^    ^     [(tl^tl)Fit^,t^)]" 


:^^,     ^^  -    -t    -,,        ^    +  [  (t,  t„  +  tT  )F(t,  ,t„)  ]  " 
331,33                a31,a3  12      1'  12 

:,,„    ,^  =    -t    ^„    ^^    +  [  (t^+t^)F(twt    )  ]  "     . 
332,33                a32,a3  12  12 


Since  we  already  know  (2.1)  is  valid  for  the  functions  t^   g^  , 
the  above  shows  (2.1)  is  valid  for  the  functions  t . -,   -, -, .   This 
takes  care  of  all  functions  in  a_   and  b^      with  the  exception 

of  the  functions  t  „   -,  ^  which  are  in  both  a^   and  b^  . 

a6co,33  2aj  2aj 

Setting  k  =  £  =  3  and  j  =  i  and  summing  over  i  in  (1.11) ,  we 

obtain 

,        ^  A_  3A+2M  ,„        _         > 

^mml,33    A  +  2y   mml,YY     ^+2p  ^"-131, 13    331, ii' 


+  [  (t^t2+t^)F(tjL/t2)  ] 


But  t.-,T  -o  =  -  P'-m  ••3  =  [  (t  t^  +  t,  )F(twt_)  ]  "  from  (1.6).   Thus 
i31,i3      '^i31,i3       12   1     12 

we  have  the  first  line  of  (2.3).   Similarly,  the  second  line  is 
obtained. 

"•   n  ^^  =  Tt4-  t   ,    -  ^TtI^  t^^T  ..+  [(t,t„  +  t^)F(ti,t,J]" 
mml,33    X+2y   mml,YY    A+2y   331, ii      12   1     -^2 


(2.3){ 


A 


3A+2y 


2   2 
'mm2,33  "  A+2m  "mm2,YY    ^+2vi  "331,11"^  [  (tj^+t2)  F  ( t^  ,  t^)  ]  "  . 


Setting  i  =  a,  j  =  6,k=Jl=3in  (1.11)  ,  we  obtain 


^aBl,33    ^a31,63  ^  ^B31,a3    ^331, a6 


^TT^—r-     (t       ,        „+    t       ,      ,-,6     „)+     [  (t,  t^  +  t,  )F  (t,  ,t^)  ]  " 
3A+2iJ        mml,a3        mml,33    ag  '■12      11      2 
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Using  the  first  line  of  (2.3),  this  becomes  the  first  line  of  (2.4) 
Similarly,  we  obtain  the  second  line  of  (2.4). 


+  t, 
X' 


-    t. 


'aBl,33    "a31,63     631, a3     331, ag    3A+2y   mml,aB 

2 


6    .t 


X 


6    .t. 


(A+2y)  (3X  +  2m)       a3    niml,YY      A+2y      ag    331,ii 


+     [(t^t2+tpF(tj^,t2)]" 


(2.4) 


=    t 


+    t. 


-    t. 


+ 


A 


'a62,33  a32,63  332, a3  332, a6         3A+2ij      mm2,a3 

2 


+ 


A 


5    .t 


A 


6    .t. 


(A+2m)  (3A+2y)       a3   nun2  ,yy      A+2p      ag    332,ii 


+     [(t^+t2)F(t^,t2)]" 


(2.4)  tells  us  that  t  „   t-,  is  a  linear  combination  of 

a3w  r 33 

functions  of  a2   and  a  remainder  of  the  appropriate  type.   The 

functions  a„   involved  are  those  for  which  we  already  know  (2.1) 
2w  J  ^         ' 

holds.   This  completes  the  proof  of  (2.1)  for  k  =  2. 

For  k  >^  3 ,  (2.1)  follows  by  induction.  If  it  is  true  for  some  k, 

each  function  in  a,,  .,.   (b  ,,  ,  ,  >  )  is  the  derivative  with  respect 

(k+l)w    (k+l)aj  ^ 

to  X,  or  x„  of  a  function  in  a,   (b,  )   unless  it  is  of  the  form 
12  kto    kw 

k+1        k+1 
8    t . .  /9x^   .   Thus  (2.1)  is  valid  for  those  functions  of 

1  J(JL)       O 

a,,  ,,,   and  b,,  ,,>   for  which  not  all  dif f erentations  are  with 
(k+l)oj       (k+l)w 

respect  to  x,.   We  then  obtain  (2.1)  for  functions  of  the  type 

k+1       k+1 
d        t. .  /9x^    by  differentiating  (2.2)  and  (2.4)  with  respect 

1  J  U)     J 

to  X,  the  appropriate  number  of  times. 
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Let 


3.   Proof  of  (0.5) ,  (0.6),  and  (0.7). 


(3.1)  i 


r  = 


C^(r) 


?„(r) 


/    -   2 
/(x, -X, )  + (x^-x 


'1   1 


2   2 


2   2 
(1 ^-^)   for   0  <  r  £  0D 


r 


2  2' 

6  D 

for 
^2k-4   2 


•   for  k  =  0,1,2 


r  >  60 


(1  - 
0 


2  2 


)    for  0  <_  r  £  ^^^ 
for      r  >  eD/2 


k-2 


■  for  k  =  3,4, 


where  (x, ,x  ,0)  is  any  interior  point  such  that  the  unstrained 
distance  to  the  edge  of  the  plate  is  at  least  6D.  Then  c,,     is 

continuous  and  has  continuous  first  derivatives  everywhere. 

I  I  2 
For  a  finite  set  A  of  functions  of  x.,  ,x  ,x  ,  let  |A|   be  the 

sum  of  the  squares  of  the  functions  in  A  and  let  |a|  £  0. 

If  we  let  C,  also  denote  the  set  whose  one  function  is  the  one 
k 

defined  in  (3.1),  then  c,,      ,    C,       ,     |  ^,  |  ,  and  |  ^,  |  arf>  all  defined, 
and  it  follows  easily  that 


(3.2) 


^kl  =^^-^0  ^)  =  Oi^] 

^         6^D 


In  the  introduction  we  said  that  the  constant,  whose  existence 
is  claimed  in  an  order  relation,  may  depend  on  the  material  and 
on  0.   However,  in  this  section  it  will  be  possible  to  choose  all 
such  constants  to  be  independent  of  6 .   To  accomplish  this  we 
must  show  necessary  dependence  on  9  explicitly. 
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Let  II  All 


|a|^  dx^    dx^  dx^  and  'Uj^All  ^  = 


2  I  I  2 
c,,     A   dxndx,,dx^ 
k  '  '    J-       Z       3 


where  A  is  a  finite  set  of  functions  and  the  integration  is  over 
the  region  where  |  x^  |  <_  h  and  c,      /   0 .      Let  B  =  J/ (C)  +  o(D)   mean 
that  for  each  constant  k  >  0  there  is  a  K  >  0  depending  only  on 
the  material  and  independent  of  9   such  that  |b|  £K|c|  +k|D|. 
Then  from  the  Appendix  of  the  first  paper  of  [1] ,  we  obtain 

^k^"k   =  ^^^65  "^"k)  ^  6^(eDlUkAllJ 

^k\3"k  =  ^^K"^"k)  ^  ^^(h"^k^33"k) 

?k^'"k      =    CPi^i   "A"k]    +     C^(eDlU^All^   +    hlU^A^33llJ 

^k\3"k=    ^Mefe"^"k^^'Q"^k\33"J 
^k^"k         =    0[-^    IIAI|J-.^(IU3^AIIJ 


(3.3)- 


9    D 


^k^'"k 


=  C9(eED  "^"k)  -c?Oic^A"iiJ 


V'"k    =  6^[A(iU„Kii^  +  -^ 


II  All  j^)] 


V!3"k=    eP[A(lU^A^33ll^.-^llAll3^] 

^k^'^"k    =    <^[A(IUj^A"llj^    +    -^    llAllj^)] 

h 

CvA    ^11,     =   (^  [^    II  All,     +    -^   lU,  All,     +    ^    II  C,  A    ,,ll,  1 
^k    ,3   k        ^    ''9hD  k  h      ^k      k         9D        k    ,33    k-* 


^  cjAl  =  6^  [lie  ill,  + 


)D    ^k 


k      k 


-:rV-    "All,      + 
)V  ^ 


fcl    "^k^""k^ 


9    D 


In  (3.3) ,  A  is  an  upper  bound  for  the  absolute  values  of  all 
the  functions  in  A,  A  ^  is  the  set  of  first  derivatives  with 
respect  to  x,  of  functions  in  A,   A  3  is  the  set  of  second  deriva- 
tives of  functions  in  A  with  one  differentiation  with  respect 
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to  X,  and  x„  and  the  other  with  respect  to  x,  ,  A  ^,  is  the  set 

of  second  derivatives  of  functions  in  A  with  respect  to  x^  ,  and 

•  2 
notation  such  as  A  denotes  the  set  of  all  functions  which  are 

the  square  of  a  function  from  A. 

Next  we  claim  that 


;{k) 

^k  1 


(3.4). 


(kl 


0 


2„2^1      k 


e  D 


2^11  [(t^t2  +  tJ)F(t^,t2)]'  ^^-2^11,^ 


0  D 


+  ^"^kf(V2^^l)^(h'4)j'"^^"'^" 


+  II  Cj^[(t^t2+tJ)F(t^,t2)  ]  '  ^^^llj^K  CP 


^lU  t'^^^^il 
8D  ^k^l    k 


"Vr'"k=^l  2  2-2 


e  D 


^  "ti^  ^^llj^+  -2^11  [(t^+t2)F(t^,t2)]'  ^^  ^^11  j^ 


e  D 


+  ^llCj,[(t^.t2)F(t^,t2)]'-(^-^^ll3^ 


+  IU^[(t2+t^)F(t^,t2)]'('^)|l^ 


+  O 


^   lU  t'^^^ii  ' 

90   ^k  2     k 


where  '•  ^  ^'    denotes  one  prime  and  k-1  dots.   Notation  such  as 

,   denotes  the  integral  of  the  sum  of 


3 .  s  ,  '  (k)„2 


^j^[  (tj^t2+t^)F(t^,t2)  ] 


the  squares  of  a  specific  finite  set  of  functions  each  of  which 

3  '  (k) 

is  I,,     times  a  function  of  the  type  [  ( t-,  t2  +  t,  )  F  (t,  ,  t_  )  ] 

As  usual  the  domain  of  integration  is  the  set  where  |x-.|  <_  h. 

and  ^^j^O. 

We  will  prove  (3.4)  for  k  =  2.   The  same  method  is  valid  for 

all  k.   From  (1.8) 
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J  J 


c_    t. .         o    e. .         „    dx,    dx„   dx^ 
2      i3aj,a6      ija),a3         12         3 


Ct    t.  .         „  (2e.         - .-   e    „       .  .-    c.  .    „    )    dx,    dx_    dx^ 
2      i]co,a3        iaco,6j         a6(jo,ij         ija3w  12         3 


where   the    region   of   integration    is    such   that    Ix^j    <_  h   and    i;^   ^   0. 

Using    the   divergence    theorem,    t. .       .    =   -p. .       .    from    (1.6),    and 

t.  T      =0    for   X-,   =   +   h,    we   have 
i3(jo  3        — 


2 

Ct    t. .         o    e. .         o    dx^    dx_    dx^ 

2      ija),a3      i3oj,aB         12         3 


"2  .2. 

^2   Pija),ja6"    ^^2',y    ^iyw/aB 


2e  ~   e 

iaco,3        a3co,i_ 


-    i^T    t.  .         „    c .  .    „     }■   dx,    dx„    dx,    . 
^2      i3aa,a3      ijaBcoj         12         3 


Similarly 


(?o)         t.  o    e    „       .    dx^    dx„    dx, 

2    ,Y      iYco,a3      a3w,i         12         3 


2  2 

(Co)  P-  .       „      e     „  -       (i;^)  t  n^     n 

2    ,Y   ^iYw,ia3      agco         '^2    ,yv      Y^w,a3    a3co 


dx^    dx„    dx. 


Thus 


Co    t. .         »    e. .         „    dx,    dx,    dx, 

2      i]a),a3      1303, a3         12         3 


2  2 

2    ^ijoj,ja3      ^iaaj,3      ^a3aj,i  ^2    ,y      iYW,aB      iaaj,3 


2  2 

^^2^,Y    PiYa),ia3~    ^^2^,yv    ''^Yvw,a3 


e    „    -Cot. .         „c. .    „     ydx,dx,dx, 
a3co      2    i]a),a3    ijaBcoJ       12      3 
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^2    Pija3,ja^^^iaaj,66      ^a6u,i6^ 


2 


-    2(^^)  t.  o    e.  o    -     (i;^)  t  a    ^    o 

2  2 

2    ,Y      lyw/ia      ago), 3  2    ,y6      lyto^ia      agoj 


^2      i]aj,a6      i]a6wj         12         3 


using   the   divergence    theorem   again.    This    yields 


J  J 


2 

Cot..         „e..         „dx,    dx„    dx-, 
2      i]co,a6      1300, a6         12         3 


=  ^ 


2    2 

0    D  II        •  '  II  2  II  •     •     II  2  u 

^  IU_p    II  _  +    ylU^e    II  ^    +   ^  .    ..  ^    ..  ^ 

^  2'^to    2  2    0)    2  „4„4         o)    2 


^  y    h 
+     ^ 


9    0 


e    II?    +    yll  (;^c    11^ 

^      CO      <i 


2  2. 

■Ji^  (IU^e"li,    +    IlLe'll^)    +   -   IU„t    11^ 

„2^2  2    to    2               2    CO    2            y         2    co    2 
0     D 


where  we  have  used  (3.2),  h/D  _<  0   and  the  inequality 

1    p       o  9  9 

AB  <  -  A   +  aB    or  P^    =    O  {A    )    +  c {^    )       for  all  A,B,a. 

Also  we  have  let  c   denote  the  set  of  functions  c  .,  „   ,  and 

CO  ijk£(jO 

p   the  set  of  functions  p;  .  . 

Using  lines  5  and  6  of  (3.3),  the  above  becomes 


2 

Co    t. .         n    6. .         „    dx,    dx„    dx^ 

2      i]co,a6      13a), aB         12         3 


-6) 


2  2 

9    D  I,        •  •  I,  2  ^         y 

~  II    CtP      II    ->  +      7 ,       ■■  -      •■    o 

2  ^2^00    2            „4„4         CjJ    2 


yh 
+     O 


0    D 


2  2 

e  ,11  ^    +    yll  (;2C    II  2 


-   II  Co    t    II  o    +    yll  Co    e    II  „ 

y         2       CO    2  "^    ^2       CO    2 


q2^2         2    CO    2 
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Next   let    z . .      =   e 


(t. 


t,  ,     6  .  . ) 


'iju)  ijoa         2u         ijco         3A+2iJ      kkco    ij 

Then    from    (1.5) 


Also 


^ijl    =     (tiVt^)F(t^,t2) 
^ij2    =     (tJ+t2)F(t^,t2)     . 


1 M  ;■  1 2 


t  e  =   —fit    I    -    - t  t  1+    t  z 

ij(jo,a3    ija),a3      2y  "^  '    co '         3A+2y      kkoa,a3    £ila),a6''         ija),a3    ijoo,a6 


A+y 


—  y  (3A+2y )     '    w 


+    t  z 

ijw,a3    ijto,aB 


so    that 


CO 


=   <l^fyt..         oe..         o    +    yt..         ^z..         „) 

=   r;fy    t.  .         „e.  .         ,    +    y^lz    1^)    +         [|t    |2] 


where    z      denotes    the    set   of   functions    z . .     . 

(jo  1  joj 

Thus 


2r-     i2- 


Itl       =/9fyt..         „e..  „    +   y|z|],      and 

r    2    2               ,  2 

H'i.    11^   =    /? ^-^  ll^^p'll?  +   -^  lie    11^ 

^2    CO    2         L/      ,2            2'^aj    2  ^4^4         co    2 

'■   h  6    0 


+    y^lU^cJI^    +    m'iU2'-co"2 


2    2 

+    e;»  flU^t   II?  +   y^iU^e   II?   +  VV  IU„e"ll^)    . 

^      2    00    2         "^      ^2    CO    2         q2^2         2    co      '' 


From  this,  (1.5),  (1.6),  and  (1.10),  we  obtain  (3.4)  for  k  =  2. 
We  define 

(^•^)  \.   =    "^k^kJ'k  '  \^   =    "^k  ^kc."k     (k=l,2,...;  .=1,2); 
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where  C,  a,   denotes  the  set  of  functions  obtained  by  multiplying 
k  koo 

each  function  of  a,   by  ^,  ,  etc. 

KCu        K 

From  (3.4)  and  (2.1)  we  obtain 


(3.6){ 


\i-^{7^'h 


(k-2) 


2  2  •■I(tiVtJ)F(t^,t2)]'(^-2)||^ 


e  D 


+  ^  IUj^[(t^t2  +  tJ)F(t^,t2)] 


-  .  (k-1) 


+  Kk[(tiVtJ)F(t^,t2)]'(^)||J  +  ^(e^B^i) 


\2    =0 


(k-2) 


2  2  "4 


e  D 


k-^^"t(tl^t2)^(h'^2)j'^^''^"k 
U  D 


fln        ?   ?  ' • (k-1) 

+  ^lU^[(tJ+t^)F(t^,t2)]         l^ 


+  IUj^[(tJ+t^)F(t^,t2)]'(^)|lj^}  +  ^(el\2) 


which  is  valid  for  k  =  2,3,...  . 
From  (3.3),  line  10,  we  obtain 


(k-1) 


II    C,     {t       o  O^   "1 

^k      a6a),3      k 


>"v   =    O 


^   ll{t    „  >lk    +    ^    iUi,{t    „     }ll, 

ehD  aSco  k  h        k      agw      k 


h 


:k-2) 


^      eg  "^k^ta3a3,33^"k 


T    . (k-2) 

=  ^  r  1  II  t    II  +  «^  A^  )  . 


0D 


)hD    oa 


From  this,  (3.4),  and  (2.1),  we  have 

(k-2) 


(3.7) 


'^ki  =^{eH5  "h''"""k  ^  ^\i  ^n^[it^t^^tl)Fit^,t^)]'^'^K.^ 


k2 


(k-2) 
6hD  "  "2     "k 


B.o  =  ^]^  "tr  "'ll.  +  ^  A,,,  +ll^„[(t?  +  t?)F(t,  ,t,)]'(''^ 


h   k2    ^k''"l  "2'"  '"1'  2' 


k  i 


which  is  valid  for  k  =  2,3, 
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From  the  last  two  equations  in  (1.4)  we  have 


(3.8) 


I^J  -  ^n^^   ij 


D^   2 
where  we  recall  that  £2  ~  ^o  "*"  ~~2    ^^    ^^^   ^^    ~   ^^    ' 

h 
From    (3.3)    and    (3.8) 


2  2 

^2    0)    2  ^^    ^^      (jO    2cj         9    D         o)-* 


(3.9) 

'2    CO      2 
Differentiating  we   obtain 


2    CO      2  "-^    ^         CO    2co         ,       /r-      CO-* 


h    y/h 


'[(t^t2+t^)F(tj^,t2)  ]  •    =     (tj^t2+t^t2+t^t^)F(tj^,t2) 
[(t^t2+tJ)F(t^,t2)]*'=     (ht2+t^t2+t2t;;+4t2+t't2+t^t'2 

+    t2tj^2+tj^t^2)F(t^,t2) 
[(tj^t2+tJ)F(t^,t2)  ]"    =     (t^t2+tj^t2+t2t^+tjt2+t^t|2  +  t2t|2 


(3.10)- 


4-    t^t'2)F(t^,t2) 

[(tJ+t2)F(t^,t2)]'  =     (t^t^+t2t2+t2ti^t^2)^(h'^2^ 

[  (tJ+t2)F(t^,t2)]  ■  =     (tj^t![+t2t2+t2t|^+t^t2+tj^tj+t2t2+t2tj^2 

+t^t;t'+t^t-2+t2t't'+t2t'2+tJt'2)F(t^,t2) 
[(t^+t2)F(tj^,t2)  ]"         =     (tj^t^+t2t2+t2t![+t2t2+tj^    +t2    + 


+    t^t2)F(t^,t2) 
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2   2      2 

From  (3.10)  and  e   <  2h  /D   <  29   and  6  <  1   we  obtain 

CO    —  — 


..  I  .     9D    "-2 


[(t^Vt^)F(t^,t2)]        I     =    01^    ItJ+cJt^l^   ^^    |4 


.    _h_  fl     I .  '  I  2         _h_  l2|'|2  0Dfl|;     |2 

■^    peo    -       l^2l       "^    MOD    £,     l^ll  yh    -       l^2l 
^2                                      1  ^2 

+    Jl!  |t'|2    +    ll     |t'|2] 

^2  1^1'  y       1^2'     ^ 

yD 


[(t^t2+t^)F(t^,t2) ]" 


D 


t   1+  — =-  1 1'  I 

2'  -       1^1 1 


p  2  p 

,    1     |4-'|2,       h       |^.i|2         1|  .  I  I  2-, 

+      _        |t2l    +         2     l^il    +   — It2l     j 

[(t^+t2)F(t^,t2)]*        I       =  (^9(^|t2l+     (£l+e2ntil  + 


+   M    I  •     I  2        _h_    |..|^        +£i£|;     1^4.   _iL_    U  '  1^1 
^    Uh     '^l'       +    yOD     l^ll  ^    yh     1^2  1       ^    ySD     '^2  1     > 


.  I  2  .     60    I :     |2     ,       h       I  .  '  |2- 


[(t^+t2)F(t^,t2)]" 


-    ^'^'^    ltj+    (E,+e,)  It,  1+      ^      ,.      ^ ) 


-   ^(- 


.2     I  "2 


1' ^2'  I "1 


From   the    above   and    (3.9) 


eh 


60 


ll?2[(tiVt^)F(t^,t2)]-     II  2  =^^[^B2,+  e,B22+    ^  A^,^    ^^1^22 


0^ 
2 


i) 


IU2[(t-Lt2+t^)F(t^,t2)]",.2 


2    .  2, 


'2  =   67(    ^   B^^    .    c,B,3    .   ^   .,) 


IC2[(Vt^)F(t^,4)]       .2=    C'>(^  B32+(.,+^2'S21*    "t   ^1*21*   -%  *22 


h/h   - 


D 


2       ^2 


) 


2.  .  2 


nC2[(t^+t2)F(t^,t2)]"ll2=    (^ 


'^^22    -^     (^1+^2)^21    ■*■   ^^2 


-39- 


Substituting  into  (3.6)  and  (3.7) 

2  2 
.2. 


^21=  ^^W"   '1   ^  ^  ^21^  f  ^A2+  ^%1^  ^  ^1^22^  ^  ^^  (el  ^2l) 


2  ? 

^22=  ^"^(IF^  ^2  -^  ^  ^22-^  ^(^1^^2)^21-^  ^  ^1^21^QS2  ^  ^^  el  ^22^ 

n 

^21=  '^(;;=^  +  ^  ^21  ^  '\i  ■"  ^1^22^ 

^22=  ^f  ;|^  -^  ^^22  -^  9^2  +  (^1+^2)^21^  ' 
The  last  of  these  has  the  form 

B22   1   K[  -^  +  ^  A22  +  e%2  +  (^l+^2^^21^ 

where  K  can  be  chosen  to  be  independent  of  e.   Hence  choosing  6  so 

2 

that  K9  <    1/2 ,  we  get 

^22   i   '^^  ^'"  ^''22  -^  (^1+^2)^21]  • 

Substituting  this  into  the  above 

2  2 

^21  =  ^(  90  ^1    ^    -5^21^    ^    ^21  ■"  —2-  ^A2)  -^  ^^eo  ^21^ 

h 

2  2 

^22  =  ^t  ^  ^2+  ^  (^1+^2)^21^  ^  ^1^21^^S2l  +  ^(^22) 


B 


21    "-^   /r-     h    21       21     h    1  22 

^22  =   C"^"^^   ^^22  ■*■  (^1+^2)^21^  • 
•h 
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similarly  we  can  eliminate  B    from  the  right-hand  sides  if 
is  sufficiently  small. 


1  -  ^("tS  ^1  ^  ^Si  +  H-  ^A2)  ^  ^(^1^ 

h 

_        2  2 
^22  =  6'^[  ^  ^2  -^  ^  (^1+^2)^21  +  9^2^  +  ^(^22^ 


ye. 


^22    ^   /h      ^  ^^1^^2^^21     h  ^22^  * 
The  second  of  these  has  the  form 

^21   ^  ^(^)   [  ^  ^1  +  ^%1  +  ^  ^1  ^22^  ^  ^^1 

h 

where  K(6)  is  a  positive  function  which  can  be  chosen  to  be 
independent  of  G.   Thus 

2  2 

^TT,  ,1,    rMl^h        ,n2,      ,9D       ,     1 

^21   ^  2^^2)   [   GD  ^1  ^  ^  ^21  -^  — 2-  ^1^22^  ' 

h 

12    1 
We  choose  0  so  that  2K  (j)  9   £  -y   •  Then 

2  7 

^21   1^^(|)  t  ^  ^1  ^  ^^1^2^  • 

h 

Substituting   this    into   the    above  we   have 

A  =      r1{^   e      +   ^^   e   A      ) 

^21  ^^^    6D    ^1  ,2      ^1^22^ 

h 

Ao9       =      (^'(^    ^9    +    e^A„^)     +     C(A, 


'22  '-^  '    6D      2  22'  t^v"22' 


B 


^^1   .   e^D^ 


1      =      ^(^-^^1^22) 


/h  h" 


B22      =      C7<^-      ^     ^^22' 
/h 
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We  can  eliminate  A„2  from  the  right-hand  side  by  choosing  6 
sufficiently  small  in  the  same  way  as  A„,  was  eliminated.  This 
gives 

Thus  we  have  proved  (3.12)  for  k  =  2. 


y  /h 
(3.12) 


^..  =  C^'^tf^  ^J 


ye 

for  k=l,2,3,....  I 

Next  we  prove  (3.12)  for  k  =  1.   From  (3.3),  (3.8),  (3.12) 
for  k  =  2 , 

"^iVl  =C9^^   "Vl)  ^OmH^ij^)  (since  Ci^  52^ 

=  (^(y/h  E  )  +c?(eDA„  )  =  C^(y/h  E  ) 

to  ^(jO       '-^  (jO 

1  CO  1   ^"-^  h    w  1  2  60  2       2  (j0,33  2 

=  ^(1190-    +^,[(eD+h)A„  ]   =^(i^e^)  . 

Also  from  (3.10)  and  the  above 

IU^[(t^t2+t^)F(t^,t2)]  •ll^=(^9(^2"^l^l"l^  ^l"^1^2"l^  =O0^^^   e^) 

llq[(tJ+t2)F(t^,t2)]  '"3^  =Q[u^+i\)n^t.[^-^+i^n-^t^^-^]  =  C^^^^^  ^2) 

Using  the  above  results  in  (2.1),  we  obtain  (3.12)  for  k  =  1. 

Next  we  prove  (3.12)  for  k  =3.    For  the  present  we  let 

1*1  III 

m, ,  =  max  i;  -,  t    ,    M  =  max  C  -,  t 
CO         3'a)'       00         3'co' 

From  (3.10) 
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■)  ..I  III  III  p       >M  II  .  •  I       II 

'[(t-^t2+tpF(t^,t2)  ]       =     [t^    t2+t^t2      +t^t^    +t^t2+t-Lt^+tj^tj^tj_ 

+    t^t2+t|t2+t2t|tJ^+tj^t2t2+t|"^H-t|^t2+tjt2^+t^t^    ]F(t^,t2) 
.3. 


(3.13) 


IM  III 


I  It  II        I 


[(t^t2+t^)F(t^,t2)]  ■■  =     (t^t2+t^t2"+t^t^    +t^t2+t|t2+t^t|t^ 

+    t2t;t;[+t^t't2+t'^t'2t'+t't'^t^t'^)F(4,t2) 

2       2  " '  IX  I II        2     III        o     '"     •        M     •        II  I     II 

[  (tj^+t2)F(tj_,t2)  ]       =     (tj^tj^    +t2t2    +t2t^    ^^1^2    "^^1^1^^2^2"^^2^2^1 

+  t^t;t2+4t;+t2vt2t2+t2t;t;+4t't;+t^t;t;+t2t;t2+t2t't2 


+    tJt;t2+t|^+t'2t'+t;t'2+t'^F(t^,t2) 


2       2  "'  •«'  '•'       2     "'       2     <"        I     "        '     " 

[(t^+t2)F(t^,t2)]       =     (t^t^    +t2t2    +t2t^    +t^t2    +t^Vt2t2 

+  t2t;;+t;t2+t'^42^'+t;t'^t'^F(t^,t2) 


From  (3.13)  and  the  fact  that  ?-.  =  (y{L,^c,^) 


C3I  [  (t^t2+tj^)F(t^,t2)  ] 


(',-2      ,.,  M„ 


Ml 

+      Co  I  t^ 
M   ^2  '  2 


+   ^    [m2+(ei+£2)Mi]C2|t;'|    +    ^    (m^+e^M2)  ^2  I  t2 


I'l 


53!  [(t^t2+tJ)F(t^,t2)]  '"  1=  (9y^^3\^i     1+^1^31^2"  l  +  [M2^^^l"^^2^^1^^2'     y 

2 


•D 


'  i2 


+     (M,+£,M^)C 


1       12' ^2       M 


It     I  |t 

+     (M^+M2)C2    2-  +(Mi+e^M2)C2    ^ 
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2       2  ■•',/!(  -  I     '"  I       h^  I     '"  I 

•^^1^2    "iT-  ^    ^2^2    -IT 

If{l  _  141 

+    [m^+(ej^+e2)  (M^+M2)  1^2   — —  +[m^+{e^+e2)  (M^+M2)  ]  ^2   ~ — 

it'|2  |tV 

+     (M   +M2)C2    -^  +     (M   +M2)C2    -^ 


^3! [(t^+t2)F(t^,t2)] 


2 

^|(e^+e2)C3|t|"  |+   ^   53^2"  I 


II  II  ,      o  9 

tj     |t2i     |t;|2     it;'2 


+  (M1+M2)  ^2  (-^  +  ^r^  +  —V  +  -V  ) 


Using    the    above,     (3.12)    for   k  =    2,    and    (3.9) 

2  e  e 

C3[(4t2+t3)F(t^,t2)]"'ll3=   ^[   ^B3^+    e^B^^^   J  m^+   -|  m2 

+   fI    (^1^^2)    ^1    ^   F^  ^1^2^ 

2  e    +e  £ 

C3[(4t2-.t^)F(t^,t2)]'"ll3=C^(^B3^+    ^A2^^1    ^^^2    ^   ^ 

,3[(t^+t^)F(t^,t2)]       II3      =^nei+e2)B3,+   ^332+   —  +   -^ 

+    (M1+M2)    ^    ie-^+e^)] 

2  e   +e 

C3[(t^+t2)F(t^,t2)]  '"1I3      =(^[(£i+e2)S31+    ^  ^32    "^   "^^    (M^+M2)] 

D  /h 

Also 


V3   -CP(ll^iVi)    =^(AiJ    =C^(y/h   ej    , 
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and   from    (3.10) 

2  

II  [(tit2  +  t^)F(t^,t2)]'ll3=^(^  B^^    +    e^B^^)    =  ^  (i^l|^   e^) 

2 


D 


II  [(t^+t2)F(t^,t2)]'ll3      =(9  [(e^+£2)Bii+    ^   B^2^    =   (^(^^^^   I ^^ 


Using    the    above    results,     (3.6),    and    (3.7) 


y/he 


^^I'O  1   7272^  -   ^  =3^  .  5£  ,^B3,   .   -^    (S,m^   .    .,m^) 


e  D 


^32=(:!^t    ^^-2-^  +    ^    (8^+62)^31-^    ^   ^32+    "7=    (">i^l+"^2^2) 

9    D  h/h 


^l-'^2 
/h 


(^^2^]  ^  ^(e^^32) 


31     ^  e/h    D  ^       ^1  31         1    32         1       ^ 


£,+£  £^ 

-   +    M„    ^    ) 

/IT  2  /h 


B-^9=(9[         ^^       +    ^  A32+     (£^+£2)^3^+    6^632+       ^       ^     (M,+MJ] 


32 


e/h  D 


/h 


1       2' 


A-,      and  B-,      can    be    eliminated    from   the    right-hand    sides    of    the 
3oj  3a)  ^ 

above    equations    when    0    is    sufficiently    small,    just    as   when   k   =    2, 
to   obtain 


(3.14) 


y/h   e 
\i/h    € 


A.n^  {9  [         '    9"^   +   -^    (e„m  +£    m„)+   -^ ^  M.    +   -^  M„] 

^1    ^        e^D^        h/h      ^  ^     ^  ^        /h        ^       /h    2 


■^^         t     e  D 

■^-^  '^    e/h    D        h 


2-  +   — I    ^    (m^+m2)    +    M^    +   M2  ] 


/h 
GD 


80 


2    2 

—  6     D 

[M    (e    +£2)    '•■'^2^1^    "^   ~2 (rti-ie2+   "^2^1^ 


h"/h 


eD 


i/h    D         h/E 


(£^^+£2)  [M^+   M2+   -^    (m^+m2)]  }■    • 
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From  the  last  line  of  (3.3) 

2 


^   Co  I  t    I    =  /^^  (A^      +   -^   II  t    11  .    +   -^-^  B^    ) 
9D      3'    to'         L^        3co         ^2^2         co    3         ^2^2       3oj 


/h 

6    0  e    D 

Since    Iltjl3   =6?(IUitJl3)    =  6^  ("  ^^tjl^)    =^  (A^J    =^(y/h   e^)     , 

we   have 

•^   ^    I Z    1       /^  /   y/h  -      ,    ,         ,      h        n      > 
9D    ^3'    w'        "^      q2_2      oj  3co         q2_^2      3to 

SO    that 

/O  ,    ^^0)    ^      60    ^         ^   h/h   „       . 

in      =  /y  (    -^7^—  +    A^       +    — ^rr   B,    )     . 

LO        '-'^60  yr-      30)  60      3a) 

Similarly, 

6    0  /h    80 

M      =/:?(    ^+   ^B,    )     . 
Using    (3.14)    with   the   above,   we   obtain 

1    =C^{^  ^    '\    ^    ^   ^l"^2    ^    ^    [(^1+^2)^1    ^    ^1^2^ 


m 


"^2    =  ^  f^  +    ^S    +    ^    (^1+^2^     (f  m^    +    M^    +   M^)  ] 


M-^   =  (0  j-j:^  +   e^M,    +  ^-§-    [M^e,    +   ^    (m^  £^   +  m^e,  )  ] 


h       '     "    ^'1    ■  2       ^''2"1  h    '"1"2        '"2"1' 


^2  =  CA-ir  "■  '\  -^  '-¥  (^i-^^2>  [^1  +  ^  ("^i-^™2)J 


When  8  is  sufficiently  small,  we  can  eliminate  m  ,  M   from 

0)   (i) 

the  right-hand  sides  to  obtain 


m 

0) 


-69'^).         M.  =^<Tr' 
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Substituting  the  above  into  (3.14),  we  obtain  (3.12)  for  k  =  3. 
From  the  above  we  also  obtain 

Since  c,^   has  a  positive  minimum  in  the  set  where  c,^    ¥   0,    we  have 

in  the  set  where  |  x^  |  £  h  and  ^^  7^  0.   From  this,  (2.1),  and  (3.10), 
we  obtain  (3.15)  for  k  =  1. 

(3.15)   |a,   I  =  /9(  -^^  )  ,    |b,,  I  =cOl   \rT  J  '   k=l,2,..., 

^^     ^    (0D)^  '"'"         hOD)''  ^ 

valid  where  |x^|  <_  h   and  Cj^^.3  7^  0- 

Next  we  change  the  meanings  of  m   and  M   to 

-*  CO  CO 

m     =  max    C>,|t    |  ,  M     =   max    C .  1 1"  I 

CO  4  '    oj  '  0)  4  '     CO 

Differentiating  (3.13)  and  using  the  estimates  for  t   ,  t   ,  t   , 

■^  CO       CO       CO 

we  have  the  following  where  ]  x^  |  <_  h  and  <;.  7^  0. 

2 
?4|[(t^VtJ)F(t^,t2)]-'|  -  O^S    ^4!^"  1+  ^1^41^2"  1-^  Z2    ^3!trl  + 


h2    I  '" 

+  ■-    r   t 
3  ^3  '  1 
60 

^1   ,  •••  ,    ^1    ,  •"  ,      "^2    h^  ^1    h^     ,  "  , 

m,       M_    e,       „     yh  e, 

+  (  —  +  e^  -^  +  -4  )  ?^  I  t^  I  +  —   ] 

M      1  M     ^2    212'      j^6 

2 

C4|[(t^t2+tJ)F(t^,t2)]""  I  =  C^[  ^  ^a\H       I^  ^1^41^2"  1+  ^  ^3!^' 
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2 

■  III  r.^  Mil 


C4I  [{tl+tl)F(t^,t^)]-'  I    =  (P  [(e^+e^)r^^\t'^"    1+   \   ^|t 


Gt+Gi  I  II  1.  ^  (11  E 


D  JJ  U 


+  — eo-  ^314   I  ^  773  ^314   I  +  h-  ^3!   hi  ^  :t  ^3!   4 


+    (-  -^  —  -"   7   )^2lhl+    <-  ^   -2    -  +-^)^2l4l^   -^  ^2^ 


0 
2       2  ""  /~\  —  ""  h  '"' 

^^1  [(t^+t2)F(tj_,t2)]        I       =  (^J[{c^+e^)r^^\t^       I    +   ^    ^41^2       I 

2 

M  2  „  ye^h 

^  (ir^^^^2lhl  ^-^  J  • 

Hence 

2  P 

+   — 2   "^1    ^   4~  '^l    "^   — 2    ^1^2^ 

D  D  D 


e. 


D  9    D  /h 

^   h/h  ^      ^   h/h        ,,      _^    h^    ^  „    1 
+   5"  m      +   — 5-   e    M      +   j—  M„  J 

2      2                           ""             rn             -                  h^                ^'^  ^2         ^1 
,4[(t^+t2)F(t^,t2)]  114=   C"t(^l+^2)^41+   ^  ^42-^   ^  +   ;^  ^1 

D  '^ 
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Also    from    (3.12)     and    (3.10) 


[tiV4)F(4,t2)]"ll,       -^(^B2,+    C,B22+    5-^)     =(9(    — ^: 


ll[(t^+t^)F(t^,t2)]     II4    =C^t(^1^^2)^21-^    7^22+    -^ -^    -^(    -^— ) 


Using   these    in    (3.6)    and    (3.7),    we   have 


^1  +  ejiB..  +  9D  ^  _eD  ^  e^ 


y/h   c. 

^  ^  «i  +  ^  «2i  *  ^ 'el  «4i» 

D  /h 

/Or    ^"^   ^2    ^    QD    ,         -    ,^        _.    9h   ^         ^      9D        ^      ^    e/h   ^ 

^2  =C/t  73^  +  T  (^i+^2^^4i  +  -3  ^42  +  ;;;;;=  ^i"^i  ■"  -^  ""2 

1    ,,      ,    h/h    .,    T     .       ^  /    h   _       > 

"^    "^   ^1    -^    ~2    ^2^    ^    ^'^^  ^42^ 
/h  D 

^41    ==    C'^t    ;^^  ^    e'B41    ^    ^1^42    -^    ^  ^1    ^    ^   ^1    ^   ^  ^2^ 

^42    =   0^    —^  ^   3  ^2    -^     (^1+^2)^1    +    Q'^42    ^    ^  ^    ^   ^  ^2^ 
/h    9    D  /h  D 


For    e    sufficiently    small,    we    can    eliminate   A.     ,    B.       from   the 

■^  4go         4to 

right-hand   sides    to   obtain 
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y/h   e^ 
41      O^       .3„3 


(3.16)- 


9D  ,     e/h  ,    h/h    ^      J.      1    .4    1 

+   e,m„    +   — fT—  m^    +   — 75-  M^    +   —  M„J 


e^D"  h/h 

y/h   e, 


r"2       D    '"1 


^    1      /h    2- 


-  ^0  r    """    ^2   ^      eo     ,      _^-    >  _^    G/h  ^      _^    ^l'^^2    ^   ^   h/h   ^    1 


0"'D"'  h/h 


l'"2'm-]_    ■       D         2 


/h 


1         ^2     ^2 


B 


■■^  /h  e^D 


^  e/h  ,,    ^     eo      ^,    ^  e^         ,   e^o^  , 

+   — :::r-  M,    +    e,M^    +   —  m,    +    -^ e,m„] 


2     ■       D      -1     ■     h^   ^1-2     ■     ^  -1         ^2    ^   -r-2 


B..    =(5  [      ^    ""o    o   +   -^    (e,+eo)M,+   ^  M,+   V— (en+eo)m,+^J 


42 


^eV  ■  h.17  -r-2'"r     d    -2'  ^2  ^^n'-2'"i-^"'2- 


As   before,    the    last    line   of    (3.3)    gives 


D    u  u    u 


SD    ^4  '    to 


=  69(^ 


/h   ~       ,     ,         ,       h        T^       \ 


q3^3      03  40)         g2j^2       403 


so    that 


m 


OJ 


'CO 


Similarly 


/h 


0    u 


y   e 


0) 


4r  e^D^  *  '^"' 


and 


M    e, 


M 


03 


=  CO(b^^^B,j  . 


Combining    this   with    (3.16) ,   we   have 


m 


1        ^   ^     ^2„2 


^    ^-i    ^    9^D^         ™      ^    n2         ^    eh    „      ^    0D         „    . 
^__^__   +   —2-  e^m^   +    e   m^   +   —  M^   +   ^  e^M^) 


m. 


=  C9t 


y    e^  „2^2 


2     ,     9    0 


60 


eh 


2    2 

e'^o  h 


2       (ei+e2^^1    +    ^    "^2    -^   "h     (^1+^2)^1    +    "3  ^2^ 
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n  n 

n  n 

For  9  sufficiently  small  we  can  eliminate  m  ,  M   from  the 
right-hand  sides  to  obtain 

Substituting  this  in  (3.16),  we  get  (3.12)  for  k  =  4. 
The  above  also  gives 

^4i'j  -^<  ^'  ■         ^4^:i  =c5(^' 

0  D 

or  _ 

K\=0^^)'         |t:i=C9(^)   where  |X3|<  h,  ?3^0. 

As  before  using  this,  (2.1),  and  (3,10),  we  obtain  (3.15) 
for  k  =  2 . 

When  we  differentiate  (3.13)  twice,  we  see  that  the  result  is 
linear  in  those  derivatives  for  which  we  do  not  yet  have  pointwise 
estimates,  namely  those  of  order  3,4,5.   This  makes  thenext  step 
easier  and  we  obtain 

?  2 

C5|[(t^t24-t^)F(t^,t2)]'-'|  =C9[  h    ^5'^   I  +  ^1^51^2   1-^  7^^414   I 

D  oD 

^1     ,   ""  r     h      1  — •   I     ^1     I---    I     h^      I   '"  I     ^1     I   '*' 

■^-7^414    I  +  ;7  ^4!  h  I  -^  h- ^41^2    1^  ;r;4  ^31^1  1^  ;TT^3it2 

9D  D  6  D  6  D 

^      ...      e,     ...     yhe. 


?^l   tj  +  r-^  ^.i   t„|  + 


90^  ^3'  ^1'    hOD  -3i  -2'    q2^6 
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E-i  iii|  1,^  Mi  £-1  iri  yhe, 

HD  U     D 

1  ;    •'••        I  1  I        ""    I  1  I     **•     I  h^  I        '""    I 

+  h  ^4!   ti   I  +  -TT  ^3!^!   I  +  Ee^  ^3!   hl]  +  -2  ^51^2     I 

0    D  U 

u^  I'll  V,  ....  u^  Ml  K  r*.  )jne„ 

+   JL_   r     It         I    +   ^  r    I    t       I    +   -^^^^ C    It       1+   -^   C    I    t    1+   - 

3     ^4  '     2        '  2  ^4  I     ^p     I     ^       2    4     ^l'     2     '  3     ^l'     ^o I ^       o    c 

6D  D  9    0  90  9^0 

^^\[{tl+tl)F(t^,t^)]'""  \    =  (^[(e^+e^)  (?5|t|""|+   ^    C4|t"'    | 

1  "I  u'^  Mill       i_  Mil  u  Ml       yn£p 

•^  h9^  ^3lh  I)  -^  ;T  ^51^2   l+;7?4|t2   I  -^  -3  ^31^2  1-^  ;2-6  ■ 

U  U  dU  o  D 


valid  where  Cc  7^  O- 

Thus  using  (3.12)  for  k  =  3,4,  we  obtain 

yh/h 


?^[(t,t^+t^F(t,  ,tj] II  ,  =   (!)  '^ 


5^^"1^2'  "1'"  ^"l'^2'  ■■     "5    ^    ^^2  ^51  ■*"  ^1^52  ^  .3^5  ^1^ 

C5[(t3_t2+t^)F(t^,t2)]  II3   =c9(\b5^  +  e^B52  +  ^4^1^ 

D  o  D 

?3[(t2+t2)F(t^,t2)]--^  "5  =6'^[(eiH-e2)B3,-.  \  B^^^  ^  c^] 

D         9  0 

2 


K5[(tJ+t2)F(t^,t2)]  ""'1I3   =  (^[(£^+£2)65^+  ^  B^2+   2^  ^2^ 


0^   ""   9'^d' 
Also  from  (3.13)  and  (3.12) 
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*"' 


t   II  ,      =      '  ^   (A,    )       =    CU   ^~e    ) 
(jj    5  ^  3bi  *^         e    D        ^ 


ll[(t^-ft2')F(t^,t2)]        "5         =(5nCi+e2)B3^+    -^B^^^    ___j  =^y(-__^) 
Using   the   above    in    (3.6)    and    (3.7)    gives 


e  D 

y   £■ 
/h  e^D~ 


«5i  =  CO  (  T—iS  ^  ^  ^1  +  Q  ^1  ^  ^1^52) 


«52      =    C9  C    -=^  ^   ^  ^2    +    (^1^^2)^1    ^    ^'^52^     • 

/h    8    D 

For  0  sufficiently  small,  we  obtain  (3.12)  for  k  =  5. 

From  the  last  line  of  (3.3),  we  again  obtain  (3.15)  for  k  =  3 

We  can  continue  this  procedure  indefinitely,  subject  only  to 
the  existence  of  sufficiently  many  derivatives.  Hence,  this 
completes  the  proof  of  (3.12)  and  (3.15). 

The  first  result  of  (0.5)  follows  from  (3.15)  for  w  =  1. 

If  f  is  in  b,  ^  but  not  in  a,  ^  ,  then  f  is  an  odd  function 
k2  k2 

of  X3  so  that  f  =  0  for  x^  =  0.   Also  f  3  is  in  a^^^^  ^.    Thus 

f  =  fl    „  +  x-,f  -.1    -    (for  some  x,  with  |x-,|  <  h) 
' X3=0     3  , 3 'X3=X3  3       '  3 ' 

Vih  e-j 
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Therefore,  at  points  for  which  the  undeformed  distance  to 

Uh  e„ 


the  edge  is  at  least  6D, 


k2 


=  C9i 


(60) 


k+1 


]  ,  if 


IS 


sufficiently  small  and  sufficiently  many  derivatives  exist. 


The  second  result  in  (0.5)  follows  from  this  and  from 


*k2i 
Since 


c9i 


ye. 


d^t 


(60) 


dX-i   o  X« 


a31 

— 5 —  =  0  for  X-,  =  +  h,  then 
k^  3    — 


3^t 


aSl 


8^-^lt 


k,   k 
3x^  3X2 


(x^-h) 


a31 


^1   ^2 
3x,  3x„  3Xt 


(for  some  x^  with  | x^ | <h) 


X3-X3 


.  ^(h 


^k+1,1" 


c9(   ""'' 


(60) 


k+1 


which  gives  the  third  result  in  (0.5). 

k        '^l   ^^2 

Since  3  t  ^^/dx,     3x„   =  0  for  x,  =  -h,0,h,  then 
a3z'  1        z  3 


3    t  T  ~ 

— ^ ^ -    0    for  two  distinct  values  of  x^    and 

3x,  3x„  3x^ 

t    T  p 

— -. -    0  for  some  value  of  x_,  with  |x_,|  <  h. 

k    k2   2  3       '  3' 

9X-,  3X2  Sx^ 

Thus  for  some  x^. 


3'^^2t 


a32 


Hence , 


3^^\ 


^1   ^2   2 

aX^   oX^  oX^ 


(x^-x^) 


a32 


^1   ^2   3 
3x,  3X2  3x-, 


^3  ^3 


k+3,2 
y  h  e„ 


(6D) 


k+3 
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s^^^t 


a32 


and 


oX^       oX«      oX^ 


a^t 


a32 


^1      ^2 


=  c9[ 


=  Oi 


M    h      e. 


(GD) 


k+3 


]     , 


,3    - 

M    h      e. 


(60) 


k+3 


This    gives    the    fourth    result   of    (0.5). 

k  ^1      ^2 

Since    8    t,-,   /9x,     Sx-      =    0    for   x-,    =   +   h,    then 
3  3aj'       12  3        — 


,k+l, 


^l._^2, 


3"'"t-,o  /9x,  8x„  9x,  =  0  for  some  x-,  with   x,   <  h.  Thus  for 
33u)    12    3  3       '  3  ' 

s  ome  X  o 


a'^^it 


33co 


9'^-^2t 


^1   ^2 
8x,  9X2  3x 


=  (X3-X3) 


33to 


^1   ^2   2 

oX-,   O  X^   O  X-3 


=  '5"'l^k.2,J' 


X3   X3 


Mh  e 


OD) 


k+2 


]  , 


so  that 


33aj   _  ^n  r       CO 


^1   ^2 
3x,  3X2 


[ 


(60) 


k+2 


This  gives  the  last  result  in  (0.5)  and  the  proof  of  (0.5) 
is  complete. 

From  (1.5)  and  (0.5)  we  easily  obtain 


3  e. 


JJ. 


OJ 


k,   k  „   k  -. 
3x,  3X2  3x^ 


di 


0) 


(9[- 


(60) 


(jO 


h(6  0) 


k-1 


if  k3  =  0 

if  k-,  is  even  &  (i,j)  =  (a,6)  or  (3,3) 
^if  k^  is  odd  and  (i,j)  =  (a, 3) 

]  otherwise 
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For  oj  =  1 ,  this  is  the  first  result  of  (0.6). 

The  second  result  of  (0.6)  is  obtained  from  the  above  by 

the  same  argument  used  for  the  second  result  of  (0.5). 

From  (1.3) 

P. 


t  -,  =  2(M+Be,  ,  +(^T)e  -,  + 
a3  kk   2   a3 


tk^k3 


where  k,   and  CI  j      are  analytic   in  s,  ,  S2/  s^  and  of  order 
1  and  2  respectively  in  the  strains.   For  sufficiently  small 
strains  and  stresses,  these  equations  determine   e, ,  ,  e^^  as 
unique  functions  of  t-,-,,  ^23'  ^11'  ^22'  ^33'  ^12'   ^^""^ 
t, -<  =  tpo  =  0,  this  unique  solution  is  clearly  e,  ^  =  ^2'}>    ~    ^' 

Hence  e  ^  =  0  and  also  e  ^   =0  for  x-,  =  +  h.   The  remaining 
a3  a3aj  3    — 

results  of  (0.6)  now  follow  using  the  same  arguments  used  to 
obtain  the  third  and  fourth  results  of  (0.5). 

From  (0.6)  and  the  first  line  of  (1.8)  we   obtain 


5, 


(3.17) 


i  jko) 


8x,  3Xp  9x-, 


fc9i- 


(60) 


-p — TT   ]   if  £^  plus  the  number  of  3's 
among  i,j,k  is  even 


t9i 


-]   otherwise 


h(0D) 


which  is  valid  for  £  =  0,1,2, 
the  edge  is  at  least  6D. 
From  (1.7) 


at  points  whose  distance  from 


(3.18)- 


=   6..  -  2e..  +  4e..e,  .  -  8e.,e,  „e„.  + 
ij      ij      ij  k]      ik  k£  £j 

g   T=   -2e..,  +  4(e.,,e,  .„  +  e-.^e,  .  ^)    +... 
^   1       13I       ikl  k32     ik2  k]l 

g  -^  „=   6  .  .  -  2e  .  .  ~+  4  (e  . ,  ,  e,  . ,  +e  . ,  ^e,  .„)  +  ., 
^2     1]      i]2      ikl  k]l   ik2  k]2 


=  e^F(e^,e2) 


=  <5ij  +  (e2+e^)F(e^,e2) 
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k  k 

Next  we  define  r. .  in  (3.19),  and  as  usual  we  let  T^.   be 

the  even  part  of  r.  .  if  co  plus  the  number  of  3's  among  i,j,k 

k  k 

is  even,  and  we  let  r  .   be  the  odd  part  of  r. •  otherwise 

IJO)  1] 

(co  =  1,2)  .   We  then  have 


'ij  -  ^     'iti 


'lj^=   A^ijil2-^  ^''S^ijU  =  ^ijkl^  (e,e2+e;e2^e^e;)F(e,,e2) 


r^.o=  g^^.r,^„T+g^^^r,^„^   =  ^^^^2'^    (e2e2+e^e2+e3_e[)F(e^,e2) 


ij2-  5   l^ij£l-'^   2^ijJl2 


(3.19)-^ 


1  joo 


9x,  9x~  9x-, 


(;9  [  frr   ]  if  ^-3  plus  the  number  of  3's 

(9D)^^ 

among  i,j,k  is  even 


d)[ 


0) 


h(eD) 


]  otherwise 


3x-,  9Xp  3x-, 


h£2 

(0   f  pTT  J  if  J^t  plus  the  number  of  3's 

(Gd/  "^ 

among  i,j,k  is  odd 


which  is  valid  for  i   -    0,1,2,...   at  points  whose  distance  from 
the  edge  is  at  least  QD. 
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The  second  and  third  lines  of  (3.19)  follow  from  the 

]^ 

definition  of  r.  •    and  (3.18).   The  fourth  line  follows 

1  lio 

from  the  second  and  third  lines  using  (3.17)  and  (0.6). 

The  fifth  line  follows  from  the  fourth  line  since  in  this  case 


—   is  an  odd  function  of  x^   and 

oX-|oX«oX-v 


111 


oX,   oX—  oXt 


X 


^£+lpk 

o     1  •  .  ^ 

132 


8x,  Bx-  Sx^ 


X3  x^ 


From  (0.1)  we  have 


^ij,k  =    2     (^i,jk  +  "j,ik  ^  ^£,ik  ^£,j  -^  ^Jl,i  ^£,jk)  • 


Permuting  the  indices  and  taking  the  appropriate  linear 
combination,  we  get 


(<5i£+^£,i)^£,jk  =  ^kji 


But 


^kji  =    ^hj'-^-in^'lj    =    (^U-^-£,i)(^:ilm+^il,m)^kj 
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Since  the  matrix  (<5..  +  u^  .)  is  taken   to  be  nonsingular,  we 
get  (3.20) . 

(3.20)  u„  .,  =  (6„   +  u„   )r"^.  . 

We  can  pick  our  axes  so  that  the  origin  is  the  undeformed 

position  of  a  particle  whose  undeformed  distance  to  the  edge  is 

at  least  9D.   After  a  translation  and  rigid  rotation  of  the 

deformed  plate,  we  can  have  u.  =  0,  u   ^  =  0,  and  u„  -,  =  0 

at  the  origin. 

As  usual  we  consider  deformations  for  which   det  (6. .+u.  .)  >  0 

i  J   1 '  J 

and  which  can  be  obtained  by  deforming  continuously  from  the 
undeformed  configuration  in  such  a  way  that  the  determinant 
is  always  positive.   Consequently,  at  the  origin  the  positive 
determinant  condition  is 

(l+u^^^)(l+U2^2)(l+U3^3)  >  0 

and  1+u,    >  0,  1+u     >  0,  and  1+u^  o  >  0  follows  from  the 

ability  to  maintin  the  positive  determinant  while  deforming 

continuously  from  the  undeformed  state. 

1   2 


At  the  origin,  e^^  ~  ^3  3  "''  2"  ^3  3  ^°  that  u,  3=  -l+/l+2e33. 
Since  l+u.,  ^  >  0  at  the  origin,  the  plus  sign  is  the  right  one 
and  U3  3  =  -l+/I+2e77  =  e,^  +  (^/(e^^)  =  (l/(e2)  at  the  origin. 

At  the  origin  e^3  -   |  (U3^^+  ^3,a^3,3^  ^°  '^3 ,  a=  ^  ^-eF")  • 
At  the  origin 

1,2,2,        ^12^,r^ir    h^    2, 
^11  =  ^1,1  -^  2  ("1,1-^  '^3,1^  =  ^1,1"^  2  ^1,1^  U   [  Y^  '1^ 

=  ^1,1  +  I  ^1,1  -^^^(^2^ 
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and  u,  I   -  0   (^2^  since  1+u   ,  >  0.  Similarly  u^  „  ~(_y  ^^o^ 


At  the  origin 

^12  =  1    (^1,2+^1,1  ^1,2^ 
To  summarize,  at  the  origin 


SO 


u, 


1/D 


he- 


O  '"^1 


^1,2  =0^~^2^ 


for   (i,j)  =   (a, 3)  or  (3,3) 


(-Q^)     for   (i,j)  =  (a, 3) 


Now  consider  a  curve  of  particles  on  the  middle  surface 
which  contains  the  particle  which  was  at  the  origin  in  the 
undeformed  plate.   Let  x  =  x  (s) ,   x  =  0   be  the  equations 
of  this  curve  of  particles  in  the  undeformed  configuration 
where  s  is  the  arc  length   and  require  that  the  curve  is  at 
least  0D  units  away  from  the  edge.   We  assume  the  topology   of 
the  plate  is  simple  enough  so  that  all  points  of  the  undeformed 
middle  surface,  which  are  at  least  6D  units  from  the  edge,  can 
be  joined  to  the  origin  by  such  a  curve  whose  length  is  less 
than  KD   where  K  is  some  universal  constant.   Then  s  =  C-' (D)  along 
such  a  curve.   Let  w,,,  =  u„  ,   on  the  middle  surface  and  let 


w 


ilkO 


be  the  value  of  w    at  the  origin.   Then  from  (3.20) 
■  iJ.k,a     ka     ka  £m 


so  that  along  the  curve 

dw 


dx 


ds      ky    ky  £m^  ds 


and 


^5,k  =  "£kO  -^ 


r    n  dx 

(rf  +  Y^   w„„)  -T-^   ds 
ky     ky  £m   ds 

0 


where  s  =  0  at  the  origin, 
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Hence,  using  the  above,  the  estimates  at  the  origin,  and  (3.19) , 
there  is  a  constant  K  depending  only  on  the  material  such  that 


w 


a3 '      - 


<      K{£2    + 


s 

(  ^2  ^1 

[    ^TT  (l+|w    J  +  |w    „|)    +   r-    |w    -,|]    ds} 
J          6D  '    al '     '     a2 '  h       '    a3 ' 


s 

f  ^1  ^0 

Iw-il      <K[-±-(l+|wJ  +  |w„|)+^|w^|]ds 
'    a3 '      —  j  h  '    al'     '    a2 '  60    '    a3' 

0 


w 


3a 


<       K 


he, 
~6D~ 


f         e 


f-fr    (l+l^33l)    +    e!    (iw3iMw32|)]    ds 


w 


331   - 


<    K-{e2  + 


[-1F-  (1+1^33!)  +  IT  (IW31I  +  IW32I)]  ds 


Let 


6D   ^1  /  I     I.I     I_lI     1^1     1^1     I  \ 
w  =  ^  -:-  (|w^i|  +  |w^2l  +  l"2l|-'l''22|-'l^33l^ 


+  |w^3l  +  IW23I  +  IW3J  +  IW32 


From  the  above  inequalities 


s 

f 


-l^it  K^i  ^5 


w  ds  ] 


where  K,  is  a  constant  depending  only  on  the  material, 


Let   z  = 


w  ds .   Then 


D 


^'  ^^l^-h  ^1  ^  D  ^^ 


K^e 


K,D 


K  e 


f  D   1   ^   1 

z  e       j   <  —r—   e-i 
'^  -'  s  —  h    1 


Since  z  =  0  for  s  =  0,  it  follows  that 


,<|j-,^,e°   -1,  =^,2_,^, 
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Hence 


w 


=  -'    =c9(^e^)  . 


and  from  the  definition  of  w 


"a3=C9<K^l)  '    "3a=^<HH' 


That  is 


(3.21)- 


u 


a, 3 


=  (9(/)  '   -3..  =cO(/) 


3,3 


u 


a  ,  3 


=c9<^l>.u3^„=c9(^l)J 


if  x_.=  0  and  the  undeformed 
■  distance  to  the  edge  is 
at  least  8D. 


Now  let  w„,  =  u.  ,  for   x^   <  h.   From  (3.20) 

^£k,3  -  ^k3  ^    ^k3  ^£m  * 

As  usual  let  w„,   be  the  even  part  of  w.,  if  to  plus  the 
number  of  3's  among  £,k  is  even,  and  let  w.,   be  the  odd  part 
otherwise.   Then  the  above  gives 

_   £      m        +  r"^ 
"£kl,3  ~   k31     k31  ^£m2     k32  ^£ml 

_   £    X  r"^         -1-  r"^ 
^£k2,3  ~  ^k32  ^  ^k31  ^£ml  ^  ^  k32  ^£m2  " 


Integrating  these  from  0  to  x-,  with  respect  to  x^  and  using 
the  initial  conditions  (3.21)  and  the  estimates  (3.19),  we  obtain 


'  a61  — 


^1  ^1 

[  —r-     (l+lw  ^„|  +  |w  „„|)  +  oTT  |w  ^„ 
h     '  al2 '  '  a22 '     6D  '  a32 


(60) 


T"  £o(|w  ttI  +  Iw  „t|)  +  ^7-  |w    1]  dx, 

2   2  '  all'  '  a21'     6D  '  a31'     3 
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'"a3ll  <  M^^l  ^ 


^      ^1     ,     II     I     "^1  , 

[  ■^^  (1+  w  T_  +  w  ^^  )  +  — [-   w  TT 
9D     '  al2 '  '  a22 '      h  '  a32 


2  h    - 

9d   '  all'  '  a21'     /Q^^\2   2'  a31 '     3 


1^3  I 


1W332I)  +  "h  (|W33_2K|W322I) 


■"  7^  ^2<l^31l|-'l^32ll)  -^  e§  l^33ll^  ^^3 
I  Xo  I 

f  ^1           ^1 

l^33ll^^   J  t  iT  ^^-^1^3321)  -^  e^  ^1^3121  +  1^322!) 
0 

^2  h 
■^  0D  ^l"31ll  +  l^32ll)  ^   7— T  ^2l^33ll^  ^^^3 


I    "3  I 

I^a62l  i  MT^  -^   1    ^7^72  ^2(^-^l^al2l  +  '^a22l)  "^  ef  I^a32 


0 


(60) 


^1  ^1 

h   '  all'  '  a21'     6D  '  a31'     3 


w  ,-   <  K 
'  a32 '  — 


^2  h 

[  ^    (l+|w^i2|-'l^a22l)  ■*■  7—72  ^2l"a32 


^1  ^1 

60   '  all'  '  a21'      h  '  a31 '     3 


w,  T   <  K 
'  3a2  '  — 


x_, 

^2  h 

[  ^    (I4-IW332I)  +  — -^  ^2^1^3121  +  1^322!) 


J 
0 


(60) 


^1  ^1 

■^  -h    ^'"3111  +  l^32ll)  +  6^  l"33ll^  ^^^3 


1^332!  ^^{—■^        [  7— T  ^2^1+1^3321)  -^  60  ^l^312'+'^322') 


^1  ^1 

+  60  (l^31ll+l"32ll)  +  "h  l^33ll^  ^^3^  ' 


where  K  is  a  constant  depending  only  on  the  material 
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Let 


w 


-  y   I^otI  +  Iw^^tI  +7r=-y   (|w_,  ,1  +  Iw  -,,1) 

^  '  a31'    '  331'    9D  ^   '  3al'    '  a31 ' 


^2  ^2 

The  above  inequalities  give 

Ix  ' 


e. 


^  IK^f  e^  + 


?3'   e 


4  H-  f  w)  dx3] 


0 


where  K,  is  a  constant  depending  only  on  the  material. 

fl^3l 
Let    z    =  w    dx.,.       Then 

•'  0 

KG 

De,         -^Ix^l  .    he 


z    < 


and 


1     r       D     I     31  -  ,  ,f)  ,""1, 

[e  -    1]    =     J  (-S— ) 


w 


=  69(^) 


Considering  the  definition  of  w ,  we  obtain 

The  above  are  valid  for  |x-.|  <_  h  if  the  undeformed  distance 
to  the  edge  is  at  least  9D. 

Now  let  Uj_Q  be  the  displacements  on  the  middle  surface,  and 
consider  a  curve  on  the  middle  surface  which  goes  through  the 
particle  which  was  at  the  origin  in  the  undeformed  plate  and 

stays  6D  units  from  the  edge.   Let  x  -    Xy(s)  be  the  equations 

'       du .  ,          dx 
iG  _        ^ 

ds      iO,Y  ds 


of  the  curve  where  s  is  arc  length.   Then   —5 — -   =  u.^    -r—^   along 


the  curve  so  that 

dx 
u .  „  =  I  u .  „    -T— ^  ds 


iO    J   iO,Y  ds 
0 
Hence, 
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s  - 
e 


l%0l  ilr^==(^<f  ^2> 


and 


"30l  ^ 


2 


Since  we  are  assuming  that  all  particles  on  the  middle  surface, 
whose  undeformed  distance  from  the  boundary  is  at  least  6D,  can  be 
joined  to  the  origin  by  such  a  curve  whose  length  is  (J(D)  ,   we  have 

2 


"aO  =  0^^  ~^2^     '         ^30  =  O^YT   H^ 


Next 


u 


al 


u  ,  ,  dx^  , 
al,3    3 


Ut=u-+|   u„^dx^ 
a2     aO    j    a2 , 3    3 

0 


^31  =  "30  "■ 


"31,3  ^^3 


u 


32 


^3 


0 


"32,3  ^^3 


Using  (3.22)  and  the  estimates  for  u.^  ,  we  have 

2 


(3.23) 


'   "al=^(^^l)   '    "31=  ^^H-^l) 
-   "a2  =  (9^B  ^2^   '    "32  =  0 'h      ^2^ 


From  (3.2  0)  we  have 


_   £      m  _m 

"£l,jk  "   jkl     jkl  "£2,m    jk2  "£l,m 


£2,jk     3k2     Jkl  11  ,m  ]k2   Ji2  ,m 

From  these  and  (3.19)  we  get  (3.24)  for  k  =  2.   By  an  induction 
argument  (3.24)  follows  for  k  =  3,4,...  . 
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(3.24) 


3    u. 

ICO 


k,       k^      k^ 

3x,     3Xp    3x^ 


c9i 


iS>i 


w 


(60) 


-    ]    if    i    =    3    and   k^    is    odd,      or 
if    i    7^    3    and   k-.    is    even 


00 


h(9D) 
As  usual  we  use  the  fact  that 


k-2 


]  otherwise 


.k 

9  u.  „ 
i2 


k,  k^      k^ 
ax,  Bx^  dx^ 


is  an  odd 


.k+1 

d     U 


i2 


function  of  x^  in  some  cases  and  the  estimate  for  — j^ ^        j^  _^_-^ 

to  obtain  a  sharper  estimate.   From  (3.23),  (3.22),  and  (3.24), 
we  then  have 

"a2  =  (^"^  <?  ^2'  '    "32'(9<l^2> 


(3.25)< 


sK 


il 


^1  ^2      ^3 
9x,  Sx^  3x^ 


f(9i 


ic!)[- 


(60) 


k-1 


h(6D) 


k-2 


]  if  i  =  3  (i7^3) 

and  k,  is  odd  (even) 
-]  otherwise 


9^2 


k^   k2   k3 
3  X-|  o^^  (3^0 


(di 


[Oi 


(60) 
he 


k-1 


]  if  i  =  3  (i7^3) 

and  k^  is  odd  (even) 
]  otherwise 


(60) 


for  k  =  2,3,...   valid  where  the  undeformed  distance  to  the  edges 
is  at  least  60. 

Since  (0.7)  follows  immediately  from  this,  the  proof  of  (0.7) 

is  completed.  -f,f,- 


4.   Proof  of  (0.13)  through  (0.22'). 

From  (0.7),  u^,  ,  =  (y  {c    ) .      Integrating  this  from  0  to  x^  , 
we  obtain 

X 


(4.1)    u,,  =  w  +    u^^  2  dx^   =  w  +  (y  {he^) 


0 
In  all  the  results  obtained  in  this  section,  it  is  important 

to  notice  that  the  result  can  be  differentiated  repeatedly  with 

respect  to  x,  or  Xj    if  the  remainder  estimate  is  divided  by  D 

for  each  differentiation,  and  the  result  can  be  differentiated 

with  respect  to  x^  if  the  remainder  estimate  is  divided  by  h. 

From  the  definitions  of  u.  ,  e. .   ,  and  e . .  we  have 

10)    ijoj         13 

e.  .,  =  :r  (U.,   .  +  U.,   .  +  U,  ,   •   U,  _   .  +  U,  -   .  U     .) 

i]l    2    il,:     dI'1     kl,i   k2,]     k2,i   kl,] 


(4.2) 


^ij2  ^  I  ("i2,j  +  "j2,i  +  ^kl,i  \l,j  ^  ^k2,i  "k2,j) 


From  (4.2)  ,  (0.7)  ,  (0.6)  , 


a31   2    al,3   31, a    '^  D   1    <^     u      I 

^al,3  =  -  ",a  -^^^l  ^1^  '  ^"'^ 

(4.3)  u^^  =  -  X3  w^^  ^rS>^^  ^1)  • 

Here  and  in  the  following,  results  derived  previously  will  be 
used  repeatedly   without  mentioning  all  of  them  each  time. 
From  (0.7),  u  „  3  ^  CJ  ^^   ^2^  ^""^ 

r\      h^ 


From  (4.2) ,  etc. , 
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J  „,  =  -  X,  W    „  +(  J    ( y-  £, 

agl       3   ,aB   *^-^   r^^    l 


(4.5) 


D 


^a32  =  I  (^a,6  +  ^6, a  ^  ^,a",e)  +C7(- 


D 


2   "2 


ej 


From  (1.4)  and  (0.5)  , 


D 
This  with  (4.5)  and  (4.2)  gives 

^331  =    aT2]I  ^3  ^^  -'^^  (^  e^) 

^31   ^  ^  +  2(A+2m)  ^?  ^^  -^  ^^^^  ^1^  • 

Similarly 

2 

e,,„  =  -  TT^  (v    +  ^  w  w   )  +/<)  (^  e„) 
332      X+2y    Y/Y    2   ,y  ,Y    ^   n^   2 


(4.7)    u 


V 


A+2y   ,Y  ,Y       D 


32,3     X+2y   y»Y    ^+2y   .Y  /Y 


/   A  ^    A+y 

32        3   A+2y    Y^Y    ^ 


D 


From  (4.5-7)  and  (1.4) , 


4b1      ^^^3^A+2y 


(4.8) 


^62  =  2y[-^  (v^,^+  l",Y^,Y^'a3  ^  ^(^a,B^^3,a+",a^,3)^ 


+  ^(i^e.). 


D 


^2 

"2  "2 


From  (0.10)  and  (1.6),  we  have 
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(4.9)    T 


a6    4Mh 


h 


-h 


a6    ^aB     3    4yh 


(t  0-,     +  P  oo)   dX-, 


-h 


so  that 


and 


m      =   T 

a6    6a  ' 


■a6,6    4yh 


(ta62  ^   Pa32),6  ^^3 


-h 


4yh  j 
-h 


(t  -,„  +  p  ,t)  ^  dx-,   =   0 
a32    ^^032  ,3    3 


Hence,  a  stress  function  i|j  exists  such  that  (0.11)  holds. 
From  (1.6) 


(4. 10: 


p..    =  .0  (Hh   -  ) 


From  (4.9),  (4.10),  and  (4.8) 


(V      +TrWW)6„+Tr(v„+V„     +WW  „)  + 


■a3    A  +  2y    Y'Y    2   ,y  ,Y   ^3    2    a, 3     3, a     ,a  ,3' 


Summing  this  and  using  (0.11)  we  have 


T.,..  =  A(|;  =  "^TT^  (v.,  ,.  +  T  w  ,  w  ^J  +  C9(^  £-,)  / 


YY 
so  that 


X+2u    Y.Y    2   ,Y  ,Y 


D 


2 

2  ^2 


(4.11)   4(v   o+v.    +w   w_)=T„-  TT-r-', 
2    a, 3     3/a     /«  ,3      a3    3A+2y 


hz'^^Ki  -^ci?(^^2> 


Using  (4.11)  in  (4.5),  (4.7),  and  (4.8),  we  have 

2 

'  e  -   =   T  „  -  TTTo-  A4;  6  o  +  (9  (-"t  e^) 
a3       a3    3A  +  2y   ^   aB    ^  _2   2 

2        ^ 


(4.12)i 


X 


■332      3A+2)j 


Ai/j 


+  6^(^  £0) 


D 


2  "2' 


u 


32 


=  -  x,(.rT^  A^'  +  I  w^^w^^)  +(:9(^  £^2^ 


'3^3A  +  2m 


a32 


=  2pT 


a3 


2  "2 


ej 
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From  (4.11) 

2 

T-(v  o    +   '^o         +w   w„+ww„)=T„   -  -,,  ,  „  hi)      6  „+  ^  /( — 5-  e„) 
2'  a,3Y    B,aY    ,aY  ,3    ,a  , 6y      a3/Y   3A+2y   ^,y  ag       d 

Permuting   a,B/Y  ^rid  taking  a  linear  combination,  we  obtain 

(4.13)       v„=-ww^+T.         +T         o-T- 

a,6Y  'Ci    ,3y  a6,Y  aY'3  6Y/0t 

2 

^  (6    _Ai|j         +    6       Alii    „    -    6    .Aij;       )    +69(-^-   e^) 


3A+2y    ^    a6"^,Y  aY^ ,  3  y3    '^,a'        "-^  ^    ^^3    "2 

which  determines  v   in  terms  of  w  and  tii  up  to  a  certain  order  and 

a 

is  line  1  of  (0.13) . 
From  (4.13)  , 


v„    =-w    w„-ww„    +To     +T    o-T„ 


3A+2y    aB  ^,yv     aY   '3v     yB   /Ot^         D 
Interchanging  y  and  v  and  subtracting,  we  have 


0  =  -w    w„+w    w„  +  T    o-T    o-Tq    +T„ 

,av  ,By    'CiY  /3v    aY^Bv    av,BY    Y3,av    vB,aY 

2 

-    tt4^5-    ('5       Aijj    ^    -    6       Atl^    „    -    6    ,Ai|j         +    6    „Aij;         )    +  (^  (-^   £-,) 
3X+2y         aY    ^3v         av       ,By        y3       ,av         vB       /  ay  n 


Letting   a   =   y    and    B   =    v    and   summing   over   y    and   v,    we   obtain 

2 
D 


'^■">  '^'■^      =   ItTT^  t",Yv".YV-  '^"''l  *C0<^^2>  ' 


4         4        4 

2        3  3  r) 

where  A   =  — j  +  2  — ^ x-  +  — j  .    (4.14)  is  one  of  the  plate 

3xJ      9x^3x^    3x^ 

equations  to   lower  order  than  shown  in  (0.22). 
From  (1.6)  ,  (4.10)  ,  (4. 8)  , 

'taSl-  P.31>,3  =  -a61,B  ^  ^  <^  ^l'  =  ^4^  V^.a^  C9('^  .,.  . 
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so  that  integrating  from  -h  to  x-.  gives 


(4.15)   t  ,,  +  p  ,   =  ^¥tI^^  (x2-h2)Aw    +/9  (^  ej  . 
From  (1.6) 


SO  that  with  (1.4)  ,  (4.2)  for  e  ^,  ,  we  have 


(4.16) 


-a31 


2m  (X+y)  ,  2,2.,     ^  /O  /Mh 
=    A^2y   (^3-^  )^^,a  '' ^^~^   'l 


=  2ye 


+  (9(i^ 


ej 


a31  ■  -  ^  ^3  n 


'a31 


-iTf^<''3-'>')'",„-d:'<A^i' 


u 


al 


^  r  3X+  4y    3 

-  X^W    +  [  , , , , T  .  x^ 

3  ,a      6 (X+2y )   3 


2(A+y)    ,2,. 
'  T    x-,h  ]  Aw 
A+2y    3      ,a 


+  x-,w   (-,,,„   AiJ;+  ^w   w   )+x-,w   V     +  ^    '' 
3  ,a  3A  +  2y  ^      2      ,y    ,y  3  ,y  y  ,o.  ^ 


69(--..,) 


4 

3  =-1' 


n    h    - 

Similarly,  since  e  -.^  ~  CJ  ^ — 3  ^2^'  ^■'^^'^  (4.2)  we  obtain 

4 

(4.17)   u  T   =  V   +  X-,  [  „,-,..,-  ,  AtJ;   -  „  ,..  .  ^  .  w   Aw]  + //  (-^  e^) 
a2      a     3^  2(3A+2y)  ^,a      2(A+2y)   ,a      ^-^  _,3   2 


From  (4.15; 


(4.18)   (t33^+P33i)^3  =  "  (t3^i+P3e,i)  ,  ^ 


2y  (A+y)  ,  2  ,2.  ,2   ^  /),Mh     , 
= AT2ir  ^^3"^  )A  w  +  (7(— 4  e^)  . 

From  (1.6)  ,  (1.1)  ,  (1.4) 


D 
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(4.19)- 


331 


'le 


'lo 


2o 


W 


^    ^331,3' 


2 

-  AT2ir  ^3^^  -^(^  (-^  ^i) 

4 

/..    ,   O      >    /0-,    ,o r    X^AljJ     Aw     -      2X-,T         W  +    /y( ;;-     £,   ) 

(A  +  2ij)  (3A  +  2y)        3    ^  3    yv    ,yv        '-^4       1' 

-    2yx,T      w  +f  9  (^   ej 

2mT     w  +(0  (^   e.)     . 

YV     ,YV       ^^--^        „4       1 


From    (4.18)     and    (4.19) 

J.  T    m  2y(X+y)     -    2    ,2.  .2     ,  ^O  .yh  > 

^331,3=      -2'^\v^,YV-      A+2M  ^^3"^    ^^   ^+ C^*  (^   ^i)     • 

Integrating    from   -h    to   x-,    , 

4 
1     /       ,u\m  2ij(A  +  y)     /I      3         2,3  k2..2       .r\,iJh  > 

^331=    -2M(x3+h)T^^w^^^-      ;^2/       (3    X3    -    3    h    -    X3h    )A   w+(J(^  e^) 

Since    t^-,,    =    0    for   x,   =   h,    the    above   implies 

(4.20)  l\\l/\    h^A^w   =    T      w  +^(^4^,) 
3(A+2ij)                            yv    ,yv        ^-^4       1 

which  is  another  of  the  plate  equations  to  lower  order  than 
shown  in  (0.22). 

Using  (4.20)  in  the  above  expression  for  t-,-,-,  gives 

x^  4 

(4.21)  t,,,  =  yx,(l l-)T   ^^^^^   +   (D(-\  e^)  . 


'331 


h 


D 
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Using  the  formulas  for  replacements  derived  so  far  in  section  4 
in  (4.2),  we  obtain  line  1  of  (0.16). 

Using  line  one  of  (0.16)  in  (1.4)  we  have 


YV 


-  A  (w   A4;   +  TT  w   w    Aw) 
,Y   /Y   2   ,Y  ,Y 


0  0  0  ^ 

A      8m  A  -  12AmB  +  2A  C  ,  .  ,  .  \  _^  Y^  ,Mh   ^  > 
[  3AT2^  -   (3A+2y)(A+  2m) ^  ^^  ^"/  ^  ^  ^^  ^1^ 


From  this  and  (4.21)  we  obtain  line  1  of  (0.18)  where 


^1  = 


3A+M+2B 

A  +  2  y 


3A+2M 


(^•22)    C2  =  -  ttxrft 


C-,  =  - 


A' 


(3A+2m)  (A+2m) 


8m^A  -  12AmB  +  2A^C 
(3A+2m) (A+2m)^ 


From  (4.2) 


33 


1=  ^31,3-^  ^3{-  31^7  '^Y^,Y^  2(AWr  ^,Y^,Y^^ 

h^    Awj  +c9(-\  £-l) 
''        D 


(A+2m)  (3A+2m) 


From  this  and  line  1  of  (0.18)  ,  we  obtain  u^-j^  ^  which  we  integrate 
to  obtain  line  1  of  (0.15)  where 

4A(A+m) 


(4.23) 


-4    (A+2m)  (3A+2m) 


^5    ^3  ^  (A+2m)  (3A  +  2m) 


8m^A  -  12AmB  +  2A^C 
(3A+2m)  (A  +  2m) ^ 


From  (1.6) 
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P3a2=  (19(^^2) 


SO    that 


(4.24)        (t,„    +    p,,^)     ,    =    -(t,„,    +    p,„^)     ^    =    0^^   e-,) 


332         ^332'  ,3 


3a2         '^3a2    ,a 


D 


4    ^2' 


From    (1.6),     (IM)  ,     (4.19),     (1.4) 


(4.25)' 


P332    =   -    ^e    ^0^^~^2^ 


D 
s^        =    i>         ^        -    ^(3X+4y)  2^      2  ^        ^_A 


(Aw)^] 


e  ,YV^,YV      3A+2)j 


(A+2U)'- 
D 


'3  ,YV     ,YV       A+2p 


-0(4^,) 


3 

.   P332,3=    -2^^^3f^,Yv"',YV^    XT^    ^^^^^^    ""  ^  ^  V   '^^ 


From    (4.24)    and    (4.25) 


t,„_,   =    2yx,[w_      w   _    +   ^    (Aw)2]    +0  (lih      -    ) 


•332,3 


"3       ,YV    ,YV         A+2y 


D 


Integrating   from  -h   to   x^   gives 


2    ,  2, 


(4.26)       t332    =    y(x3-h^)  [w^^^w^^^-.   ^    (Aw)     ]    ^O  (^^^  e^^ 
From   the    formulas    derived   thus    far   and    from    (4.2) 


(4.27)       e    „„    =   ^   -(v      „+   v„      +   w      w    .+   v        v      „ 

a62        2    \    a, 6         e,a         ,a    ,6        Y/Cx   Y/3 


3^    3X+2y      ^,a3      A  +  2iJ       ,a3  ,y<^ 


,^,)}.  a^5,) 


From    (1.4) , 
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332  yy2  332  ,YV     /Y^ 


4y^A-A  (3A  +  8li)B+A^C 
(3A+2m)^ 


(Ai>^) 


^    „    2  ^    4m^AH-A(A-4m)BH-A^C      2..     .2    ^  /O  ^^^"^    -    > 


3    ,YV    ,YV 


(A+2y) 


D 


4    ^2' 


From   this    and    (4.26) 


B 


(4-28)    e332=    "    j^    [v^  ^    2   -,y^,Y^    2\,v\,v^-    ATJil   ^YV^YV 


9  2  iih  2 

+C     (A\1j)    +     (C^x,-    ■  ,  „    )w         w         +     [CqX-,- 
^^6       ^  7    3      A+2iJ       ,YV     ,YV  8    3 


^^      ,    h2](Aw)^^(^e,) 
(A+2y)  D 


where 


(4.29) 


^6   = 


S   = 


^8   = 


4y2A-A(3A+8y)B+A2c 
(A+2y)  (3A+2y)2 


-SA^+lAy+Sjj^ 


B 


8(A+m) (A+2y)     A+2y 


A(5A+4y) 


8(A+y) (A+2y) 


4y2A+A(A-4y)B+A2c 
(A+2y)^ 


From  (4.27),  (4.28),  (1.4),  (1.6) 


e    =   2^   fv    +  4(w   w   +v    V    )]-  T-^—  ^         ^         +C^(Aiij) 
®kk2   A  +  2y  ^  Y.Y   2^'^,y  ,Y   Y.v  Y/v'-"   A  +  2y  ^,YV^,YV   6'  ^' 


(4.30) 


+  (C„x^-  T-r^  h  )w  ,„w  ,.,,+  [Ct^x^- 


Ay 


4 
2  h^]  (Aw)2+(5(^i2^ 


-9"3   A  +  2y    '",Yv",YV   ^"10^3   ^^_^2y) 


^a32=  'a^{    aTT^  [^,Y-^  I^",  Y^,Y%  ,v\  ,v)  ^  ^  aT^  ^YV^YV 

2 

+C,t(A4;)2+  (Ct-,x^-  -A^  h2)w    w    +[C,,x^ ^  ^  ^  h^] 

11   ^       12  3   X+2y      ,YV  ,YV    13  3   (x+2y) 


(Aw)'y.  Mv^,3+v^,,+w^^w^^.  ^,a^,6^"  ^14^aB^'J^■^^\Y^6^ 
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3'    3A+2y       ^,a6         15    ,a6  16    , ay    ,yB       -  4      2 

P    oo=    <5    o(-Mi(J         ii         +   TTT^    (Ai(j)^-    MX^[w        w         +   Ti4-(Aw)^]j 
'^aQl         aQ[         ,YV    ,YV      3A+2iJ         ^  k    31     ^^^    ^^^      A+2y  J 


+    4yT      T    „-    -.f^t^      T    oAijj   +    4yx^  [w        w      „+   tt^  w      ^Aw] 
^    ay    y3      3A+2ij      a3  "^    3  '     ,  ay    ,y3      A+2y       ,  a3 


D 


where 


(4.31)- 


^    r      +      5X  +  4y    _    y  (9A+8y) 
7         8(A+y) 


B 


4{A  +  y)  (A  +  2y)  A+2y 


=    C 


A (5A+6y) 


-Ay 


10         ^8         8(A+y)(A+2y)  4(A+y)(A+2y) 


4y^A+A(A-4y)B+A^C 
(A  +  2y)-^ 


'11 


'12 


^^   _^    4y^A-A(3A+8y)B+A^C    ^    ^u    4y^A-A  (3A  +  8y )  B+A'^C 
^  (3A+2y)^  (A  +  2y)  {3A  +  2y)^ 


C 


13 


ACg+    B 


AC^O    + 


Ay  (9A+8y)  2yB 

4(A+y) (A+2y)  A+2y 


2         2 

4y    A+A    B 


-A    y 


(A+2y) 


2         4(A+y)  {A  +  2y) 


!y"^A+6A^yB-A'^C 
(A+2y)^ 


4yB-2AC 
'14  3A+2y 


^    4yB-Ay 
'15  A  +  2y 


^16    =    ^+C 


From    (4.9)     and    (4. 30)  , 
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(4. 32)     T      =6 


where 


-    u       ,    -^    [v        +   4(w     w      +   V        V        )]    +   C,^^        ^ 


+   C^Q^^^)^    +    ^fCl9^,Yv",YV-'    ^20^^^)'^} 


^   t    (^a,B-^   -6,a-^   \a\B^   ^  ,a^  ,3^  ^^21^a3'^-^^22  V^3 


.h^t- 


h^    . 


A^    .0+    C„,w    ^„Aw   +    C,,w    ^    w^J+-;:9{— 3:   e,) 


6(3A  +  2u)    ^,a3         23    ,a3 


24",aY    ,y3- 


D 


(4.33)^ 


"-l?  2  X  +  2y 


c..=  :^. 


X 


A 


4y^A-X (3X+8y)B+X^C 


18      2y 
C 


C,  „= 


12 


2(3X+2y) 

2X  +  M 


2(3X+2y) 


7X^+16X]j+8y^ 


{X  +  2ij)  (3X  +  2y) 
B 


'19      6y 
c 


3{X+2y) 
13         X(2X+y) 


+ 


24(X+y) (X+2y)         3(X+2y) 

X (17X^+26Xy+8y^)    ^    8y^A+6X^yB-X    C 


'20      6y 
C 


^21 


C       = 
^22 


^23 


^2  4= 


3{X+2y) 
14  2X 


24(X+y)  (X  +  2y) 
2B-2X  XC 


6y  (X  +  2y) 


2y  3X+2y 


3X+2y  y{3X+2y) 


2y 
C 


+    2 


15 


2X 


6y 
c 


16 


3(X+2y) 
2 


4B+3X 
6(X+2y) 


6y 


6y 


Setting   a   =    3    in    (4.32)    and   summing   gives 

(4.34)    V        +   i(w      w      +   V        V         )    =    ^t^o      Aijj   +    C„^4;         i/;        +    C„,(A<J;) 
^         ^       Y/Y       2^     ,Y    ,Y         Y^v    Y'V  3X+2y       ^  25^,YV^,YV         26 


h^lC27W^^^w^^^+    C28(Aw)     ]    +    C9  ("^   ^3) 


where 
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(4.35)- 


'25 


'26 


.^A±2m     (2C,,+C„)    = 
3A+2p  1/       22 


X+2\i  2B 


A+2y 


3A+2y         3A+2y         2y(3A+3M) 


A+2y     -^  -     ^      A(A+2m) 

3A  +  2y     ^^''18"^^21''  ,,,^^    ,2 

(3A+2|j) 


8y^(A+B)-A (3A^+6Ay+4y^)C 
y{3A+2y)^ 


A  +  2y 


[2C,„+C^,+ 


'27  3A+2y     '^19    "24       24(A+y) 


-] 


7X^+3QAy+24y^      _  

24(A+y)  (3A+2y)  3(3A+2yr         6y(3A+2y) 


2B 


A  +  2y 


A+2y 


'28 


[2C„^+C 


•] 


3A  +  2y     '20      23      24  (A+y) 


A(23A^+20Ay-    4y^)  _    8y ^A+8y ( A^+Ay+y^) B-A^C 


24(A+y) (A+2y) (3A+2y) 


3y(A+2y)      (3A+2y) 


Using    (4.34)    in    (4.32),    we    obtain 

4 
TT    (v      o+   Vo      +   w     w    „+   V        V      o )    =   S    o    +  ry  ( — J   e„) 


D 


where  S  „  is  defined  in  (0.13)  and 

a3 


(4.36)- 


'29 


'30 


'31 


'32 


A+2y     17 


5A+2y 


B 


AC 


AC 


26 


A+2y 


AC 


27 


-  C. 


-  C 


2(3A+2y)    3A+2y    2y(3A+2y) 


-A  (5A+2y)    4y\-3Ay  (3A+4y )  B+3A^  ( A+y )  C 


2  (3A+2y) 


7A+2y 


y(3A+2y) 


B 


AC 


A+2y     19     6(3A+2y)    3(3A+2y)    6y(3A+2y) 


^   c 

A+2y     20 


A(7A+2y) 


8y  A+2Ay(A-4y)B-A  C 


6(A+2y)  (3A+2y)      6y  (  A+2y )  (3A+2y ) 


From  the  above 


7r(V„     +     V„  +W  W„+WW„+V  V„+V  V^) 

2         a, By         B/OtY         fCY    /3  ,a    ,3y         v  ,  aY    v,6         v,a    v,6y 


a3»Y 


C)(^^2) 
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Permuting  a,3/Y   ^^d  taking  the  appropriate  linear  combination, 
we  obtain  the  second  result  of  (0.13). 

Using  (0.13)  in  (4.30),  we  obtain  the  second  result  of  (0.19) 
where 


(4.37)- 


33    A  +  2)j   25     "^  29    A  +  2y 


'34 


3o 


'36 


X+2p   26     11       30 


Am 


3X+2u 


2Xy  _  Xy      ^    y (-5A^+4Xu+8y^) 

X+2y   27    ^^^^31    A  +  2y    12  (X+y )  ( A  +  2y ) 


2yB 


3(X+2y) 


It^  C„„  +  2yC„ 
X+2y   28       32 


X  y 


(X+2y) 


Xy(5X+  4y) 
12(X+y) (X+2y) 


8y^A+6X^yB-X^C 


3(X  +  2y) 


c   =  c  ■ 

^37     14 


2yC 


21 


4Xy 
3X+2y 


S8  =  ^  -  2MC22 


=   -4y 


Using  (0.13)  in  (4.27),  we  obtain  the  second  result  of  (0.16). 
Using  (0.13)  in  (4.28),  we  obtain  the  second  result  of  (0.18)  where 


(4.38)  ■ 


B 


B 


XC 


'39 


'40 


'41 


A+2y   25    A+2y 


3A+2y    3A+2y    2y(3A+2y) 


=  c^- 


A 


C^^= 


-A' 


4y\-3Ay  (3A  +  4y)B+3A^  (A+y)C 
6   A  +  2y  -26   ^^^^2^)^   '  y(3A  +  2y)^ 

A  ^  _   y 


A+2y   27   A+2y 

7A^-42A^y-96Ay^-48y^ 

24(A+y)  (A+2y)  (3A+2y)    3  ( A  +  2y )  ( 3A+2y )  "  6y(3A+2y) 


2AB 


AC 


-A 


-42 


C^„- 


J^ 


^+2y   28   (^^2y)2 

A(23A^+46Ay+24y^)     _^  8Xy  ^A+8Xy  (X^+Xy+y^)  B-X  C 
-  24(X+y)(X4.2y)(3X+2y)      3y  ( A-.2y)  ^3A+2y) 
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From  the  second  result  of  (0.18)  and  (4.2),  we  obtain  the 
second  result  of  (0.15)  where 


(4.39) 


c       =  c 

^43         ^40 


A' 


3A' 


2 (3X+2y) 


2(3X+2y) 


'44         3    ^8 


3A+    4u 


4y\-3Xy  (3A+4y)B+3A^(A+y)C 
y(3A+2y)^ 


A ^    A(A    +10Ay+8y    )     _    4y    A+A (A-4y)B+A    C 

3 


6(A+2y)^         24(A+y)  (A+2y)^ 


3 (A+2y) 


'45         6(A+2y) 


'46 


_    2(A+y) 
A+    2y 


We  have  shown  that 


(4.40)   S„=-i-(v   o+v„    +w   w^+v    V   „)  +/ 0  ( A    Eo)  • 

a3    2  '  a, 3     3, a     ,a  ,3     y  ,a   Y/3    ^^   j-,4   2' 


Then  S  ^  =  S^    and 

a3    3a 


S    n         =^(v„+v^    +w    w_+ww_+v     V   „+v    V   „  ) 
a3,Y    2    a,3Y    B,aY    ,aY  ,3    ,a    ,3y    v,aY  v,3   v,a  V,3y 


c9(^^.). 


Permuting  a,3,Y   and  taking  the  appropriate  linear  combination 
we  have 


V      „+ww„    +    v         V 


=    S 


+    S 


-    S 


h^    - 


a,3Y'     "' ra"  ,By'     "v,a"v,3Y         "a3/Y    '    "otY/3  Y3,ot 


0<^^.) 


D 


so    that 


V  +W         W         +WW  +v  v„    +    v         v„ 

a,3YV         ,av    ,  3y         fCt    ,3y^^         co,av      oj ,  3y         '^r<^   oj.,  3yv 


=    So  +S         o-S„  +    U(-^   £-,)     • 

a3,YV  aY,3v  YB,av         ^      ^^6      2 


0'  "■  -- 
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Interchanging  y  ^nd  v  and  subtracting  gives 


w        w.-w        w„+v  v.-v  v„ 

,av    ,3y         'Oty    »3v        03, av   w,6y        cj,aY   w,3v 


=    S  -S  -S  +s  + 

aY/Bv  av,3Y  Y3/av  v3,ctY 


^,h-. 


(^  .,)  . 


Setting  a  =  Y'  B  =  v  and  summing,  this  becomes 


(4.41)   AS    -  S      =  ^  [w   w   -  (Aw)^+  V    v    -Av  Av  ]+/}(^e„) 


YY     Y^'Y"^    2  '■",Y'^"/YV   '""'  '  "w  ,YV 'co,  YV  " ''uj""'aj''  '^'"^6''2' 


From    (0.13)    we   obtain 


\    +2\i 


(4.42)       S         =    "       „^    Ail^    +    C„^i|;         1^  +    C_,(Ai|;) 

YY         3)j+2y       ^  25^,YV^,YV  26      ^ 


4 
+   ^'[^27",Yv",YV^    C28(Aw)2]    ^  (0  ^JL.  -^^) 


and 


(4.43)    S 


YV,YV 


^^^^      A    \p    +    C:,.^)  ^  +    2C„„4;         Alp         +Cp„AtjJ      AiJ; 

3A+2)j         ^  51^  ,YVa)^  ,YVco  29^, Yv    ^,yv      52    ^  ,y       /Y 


where 


-   C„,T      Ai|j         +    h    [C^nW  w  +    C_,w         Aw        +    Cj-pAw      Aw      ] 

21    Y^       ry\>  53    ,YVco    ,YVOo         54     ,yv       ,yv         55       ,y       ,Y 

4 

+    o^t?^N    C,^At|j[w        w        -     (Aw)^]    +   C^,T      w        Aw   +  /Q  (-^   e^) 
2(A+y)       30    ^       ,YV    ,YV  56    yv    ,y\>  '--'6      2 


(4.44)- 


^51         ^^29         "^22         '-^25 

r         -    or      +r      =      13X^+22Ay+8y^ 

^52         ^'-30^22  ,->,^^    >2 

(3A+2y ) 

16y\-12Ay  (3A  +  4y)B-  (15A^+42A^y  +  36Ay ^+8y ^)C 
2y (3A+2y)^ 


C53         203^         C24         i2(A+y) 


(5A  +  6y)  (A  +  2y) 


2B 


A  +  2y 


12(A-l-y)  (3A  +  2y)  3(3A  +  2y)  6y(3A  +  2y: 
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'54 


^•^31         ^22    ^^24      12(A+y) 

53A^+16  6A^U  +  176Ay^+64y^ 8(A  +  y)B 2(A+y) 

12(A+m)  (A  +  2y)  (3A+    2m)  3  (  A+2u )  (  3A+2y )  3y  (3A+2y)^ 


'55 


=    2C^^-2C^o-    C^^+ 


A 


32    ^23      ^24      12(A+y) 


3  5A^+12  6A^y+132Ay^+4  0y3 
12(A+y)  (A  +  2y)  (3A  +  2y) 


16y\+4y  (7A^+12Ay+8y^)B+(A^+14A^y+2  0Ay^+8y^)C 
6y (A+2y) ^ (3A+2y) 


-56 


-    C, 


A 


3(A+2y) 

2(A+y)        ^32         "-23    '     12(A+y) 


A^(13A+14y)     _  8y\+8y  (A^+Ay+y^)B-A^C 
8(A+y)^(3A  +  2y)    2y  (A+y )  ( A+2y )  (3A+  2y) 


From  (4.41),  (4.42),  (4.43),  (4.13),  (4.14),  and  (4.20)   we  obtain 
the  first  result  of  (0.22)  where 


(4.45)-, 


^   ^  3A+2y   ,1  _  p   X  ^  5A+  6y    _B_     A+  2y 
^57   2(A+y)  ^2    "-25^    4{A+y)    A  +  y    4y(A+y) 


^   ^  3A+2y  ,p   _p   X  ^  7A+  6y    ^_ 
58    A+y   ^29  "-25^    2(A+y)    A+y 


y 


,    ^    17A^+36Ay+20y^ 
26         ^52^  4(A+y) (3A+    2y) 


^    3A+    2y  -5A^+4y^    _ 

S9-    2(A+y)  2(3A  +  2y)2 

16y\+4y(9A^+12Ay  +  8y^)B+(3A^+18A^y  +  2  0Ay^+8y^)C 
4y (A+y)  (3A  +  2y)^ 


+ 


'60 


3A  +  2y 
2(A+y)       21 


A 


B 


AC 


_    3A  +  21J     ,         _  J     ^    _ 

1  A+u       ^26      ^30^ 


A+y         A+y         2y(A+y) 
A  (7X4-6y) 


2  (A+y)  (3A+    2y) 


^    4y\+y(9A^+12Ay+8y^)B-A(6A^+9Ay+4y^)C 
y  (A+y)  (3A  +  2y) ^ 


^    3A+2y       p  _    3(A+2y) 

^62      2(A+y)     ^56  A+y 


^8^ 


A(5A-2y)       _!_    8y\+8y(A^+Ay+y^)B-A^C 
8(A+y)^  4y(A+y)^(A+2y) 
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C    =   3A+2M      _  A+6u       B         ^+2y 

63    2(A+u)  ^^53  ^^21'         12(A+u)    3(X+u)    12u(X+u) 


'64 


2(A  +  m)  ^^54   ^"^27^ 


(A+p)    3(A+u) 


23A^+38Am+8u^ 
12(A  +  m)  (A+2u) 


2AB 


3(A+p)  (A  +  2y) 

AC 
6y(A+y) 


-65  "  2 


3A+2y  ,      or      \    =    -    29A  +44Ay+20M' 
(A+m)  ^55"  ^*-28^      12(A+m)  (A+2y) 


^  16y\+4Ay  (A-4m)B-(5A"^+14A^M  +  2  0Am^  +  8m^)C 
12y  (A+y)  (A  +  2u)^ 


From  line  1  of  (0.16)  and  (0.18),  we  have 


(4.46)   e 


kkl 


^31   A+2y 


(Aw  +  w   Atii   +-r-w   w   Aw) 
,Y   .Y   2   ,Y  ,Y 


■*"  ^^66  "*"  ^67  ^2 


■)  T   W     + 
YV  ,YV 


CggA.J;  Awl  +  U   (-^  e^) 


where 


(4.47) 


'66 


'67 


C,  -  3  = 


-5M+2B 


A+2y 
3A+4M  _  y_ 


^2  ^  4(A>y)    2  (A+y) 


^  ^68 


^3    3A+2y 


2Ay 


(3A+2y)  (A+2y) 


8y^A-12AyB+2A^C 
(3A+2y)  (A  +  2y)^ 


From  (1.4),  line  1  of  (0.16),  and  (4.46)  we  obtain  line  1  of 
(0.19)  where 


(4.48)-. 


•^69  ~  ^^56    2B  -  -    ^_j_2^ 


r        =    ir      +      8y(AB-yA)      ^  . 

^70    ^^68   (A+2y)  (3A+2y)      ( A+2y )  (  3A  +  2y ) 


2A^y 


'71 


2Ay-4yB+2AC 
3A+2y 


16y^A+4Ay (A-4y)B-2A^C 
(A+2y)^(3A+2y) 


-83- 


From  (1.6) 


2 

p  „,  =  6  „x-,  [2yT   w    +  /,  ^T  ^  /■3l'_._o  \  ^4^  '^w] 
'^aBl     a3  3^  ^  y^^  /Y^   (A+2y)  (3X+2y) 

D 
From  this  and  line  1  of  (0.19)  we  obtain 


2 

^aBl  ^  PaBl  =  ^a'sf  f?^  ^"^^^  I  ^,y",Y^"  (X+2y)(3A+2M)  ",y^^- 


+  (C-,^+  AC,^  -75-)T   w    +  C^■.^il    Aw 
72     67   2   Y^  'Y^    '3 


+  X. 


^  ,a3     3(X+2ij)   3    A  +2y        ,a3    74  ,  ag 


-    uw      w      w      „+    2yw       (T    „       +    T         o"    T    „       ) 
^    ,Y    .Y    fCtB         "^    ,Y      a3/a         ay, 3         ot3,Y 

_      2A^  ^  )    _    4y(A+B)    ^      ^^ 

3A+2ii         ,a    ^,6         ,3       ^ct  A+2y        a3 


-     (4y+C)  (w         T    „+    w    „    T       )  [    +  (^^—T   e-.) 

'        ,aY    y3  f3Y    Yot    i  D 


where 


(4.49)- 


^72    ^    ^69    -^    2y 


-3Ay+4y    -4yB 
A+2y 


4A^y 


6A^y 


^73         ^70    "^     (A+2y)  (3A  +  2y)  (A  +  2y)  (3A+2y) 

16y^A+4Ay (A-4y)B-2A^C 
(A+2y)^(3A    +    2y) 

4Ay         ^    6Ay-4yB+2AC 
•-74         ^71         3A+2y  3A+2y 


Thus 


-84- 


(4.50)     (t    ni+P^o.)     «    =   xJ-    ^^'^^t,^^     (1    +   ^  w      w      )Aw 


2Ay 


X. 


T— T—    (w      w        Aw   +   w      Ai^         )+CTt-W        Ai|j      +  (C_,,+C-,-,-^r)  T  w 

A+2y         ,Y    ,Ya  ,y    ^  ,y(x        75    ,aY    ^  ,y        76      77^2'    y^/^    fY' 


X. 


+    (Cto+C-,^   ^T      w  +    C_„    Aw    All;        +    C„„    All;    Aw 

78      77      2      YV    ,Yva         79  ^,a  80      ^         ,a 


+    2m(w      At      -   w      w        w         )    +    CoiT      Aw      -     (4m+C)w         T 

/Y      otY         ,y    ,YV    ,av  81    aY       ,Y  ^yv   YCX'"^ 

Xy 


2(A 


^  w       [w        w        -     (Aw)^]l   +    .^9  (^   ej 
+  )j)       ,a'     ,YV    ,YV  •"/         ^'        j^5      1' 


where 


{4.51)- 


C-,^    =   C 


2Ay 


8Ay' 


2AC-4yB 


75         "74         A+2y  (A+2y)  (3A  +  2y)  3A  +  2y 


^76    =    C72    -    ^^    =    - 


7Ay+4y  +4yB 
A+2y 


^77    ^^67  "^   2(A  +  y)   ~  ^^ 


C        =    C        -10u-C=-    13Ay+16y    +4yB    _ 
^78         ^72         -^^^         ^  A+2y  *- 


r        =   r        -      ^^^      =      4Ay  (A-y) 
79         ^73         3A+2y  (A+2y)  (3A  +  2y) 


r        -    r        4-   r        =      12Ay  (A+y) 
^80         ^73        ^74  (A+2y)  (3A+2y) 


16y^A+4Ay  (A-4y)B-2A'^C 
{A+2y) ^(3A+2y) 


ley-^A+By  (A^  +  2y^)B-4A(A^  +  2Ay+2y^)C 


(A+2y)     (3A+2y) 


•81 


8y (A+y)  4yB 


A    +    2y 


A+2y 


-    C 


Since    (t^3^   +   Pa31^3   =    "    ^^aBl   ""   Pa61^B    '     ^^'^^^    ^^^^^ 


(4.52)    t    ,,    +    p    ,,    =   ^    {xl-h^){^^[]t^^     (1    +   i  w      w      )Aw 

a31         '^a31         2         3  I       A  +  2y  2       ,y    /Y         ,ol 


2Ay 


+    ,■ .  ^       (w      w        Aw+w      AiL         )-C-,cW        Alii 
A+2y         ,Y    ,YOi  ^Y    ^Y^         '^    ,ay       r 


-    (C00+ 


■^r)T.,.      w   ^.,-     (C„^    +   4  C. 


)T..w 


82      2       77         2      Y^^/Ct    ^Y^  83         2      77      ,2      yv    ,yva 


-85- 


C")  (^  ^X 


where 


(4.53)- 


■82 


^76  "^  2  ^77 


6Xy+2y  +4yB 
X+2u 


r        -   r        +^C  =-    12AM  +  14ii    +4pB   _ 

^83    ~    ^78         2       77  X    +    2\i 


From    (1.6) 


a31 


2^3  1       A  +  2y         aY       /Y  (''^ 


+  2y)  (3A  +  2y)       ^       ,aj      <-^        j^5    i 


From  this  and  (4.52)  we  obtain  line  1  Of  (0.20)  where 


(4.54){ 


'84 


8Xy (X+y) 


'80    (A+2y) (3X+2y) 
4Xy (X+y) 


(X  +  2y)  (3X  +  2y) 


^  ^85 


-  C, 


8y (X+y) 
X  +  2y 


16y\+8y(X^+2y^)B-4X  (X^+2Xy+2y ^)  C 
(X+2y)^(3X+2y) 

=   iii^  +  C 
X  +  2y 


From  (1.3)  and  (1.2)  we  obtain 


t  -,T=  2ye  ^,+  2Bs,  e  ,,+  C(e 
a31      a31      le  a31 


_e  ^T+  e^^,e,^^)  +  (J  ( — c  Ei) 
aY2Y3l    a313J2    '-    ^o      J 


2  ^2,  .  2  (X+y)  (2yB-XC) 


X+y 


=  2ye^3^+  (x3-h  )  [  (;v+2y)(3X+2y)   '^^^^,a+  X+2y  ^  ^aY^'',Y^ 


+  (9(^e,) 
D 


From 


this  and  line  1  of  (0.20)  we  obtain  line  1  of  (0.17)  where 
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(4.55) 


'84         2  (X  +  y)  (2yB-AC) 


■86 


2m 


M  (A  +  2)j)  (3A+2m) 


2A(A+m) 


(A  +  2y)  (3A+2y) 


'85 


A+M 


8tJ^A-12AMB+2A^C 
(A+2y)^(3X+2M) 

2B  AC 


'87         2y 


y  (A+2y) 


A+2y         2y(A+2y) 


From  the  first  result  of  (0.17)  and  (4.2)  we  obtain  the  first 
result  of  (0.14)  where 


^      A  (7A  +  6y) 


^88         6(A  +  2y)  (3A  +  2y)  6    ^4 


A 


6(A  +  2y) 


'89 


3(3A+2y) 


-    1    C      -    -^C 

6      4         6y       75 


A  (A  +  4y) 


2yB-AC 


3(A+2y) (3A+2y)  3y (3A+2y) 


'90 


10         20      2 


5A  +  6y 
80(A+y) 


'91 


_lr         4.   I   -    I  r         =      4A  +  3y  +  2B 
6y    ^82         6         6       1  6(A+2y) 


=    _J.P        +l_lr        r.      10A  +  15y  +  2B        _C 
'92  6y    ^83         6         6    ^1  6  (A  +  2y)  6y 


'93 


^  C.  -  i  C.  + 


A* 


6y   79    6   5    3(A  +  2y)  (3A  +  2y) 
A  (-A  +  2y) 


4y^A+2Ay (A-y)B-A^ (A+y)C 


'94 


3(A+2y)  (3A+2y) 


ic.  -  ic.  + 


3y  (A  +  2y)  (3A+2y) 


A' 


3   86    6  "5    6(A  +  2y)  (3A  +  2y) 

A  (3A+4y)      _!_  4y^A-6AyB+A^C 


6(A  +  2y)  (3A  +  2y)    3  (  A+2y ) ^ 3 A  +  2y ) 

X  1  -         7A^-8u^      .     B 


'95 


-  1  c 

12(A+y)    3  ''7 


24(A+y) (A+2y)    3(A+2y) 


'96      4(A+y)    *^41 

25A^+6A^y-72Ay^-48y^ 
24(A+y)  (A+2y)  (3A+2y) 


2AB 


AC 


3(A+2y)  (3A  +  2y)    6y  (3A+2y) 
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'97 


A  _    ^         ^    _    X  (3X^+18AM+16y^)     ^    4m^A+A ( X-4y ) B+X^C 


12(X+y)  "44 

X 


24(X+y)  (X  +  2y) 


3(X+2y) 


-    C 


X(41X^+94Xy+48y^) 


98         4(X  +  y)         "-42         24  (  X+y )  (X  +  2y )  (  3X+2y ) 
8Xy\+8Xy  (X^  +  Xy+y^jB-x'^C 


3y  (X+2y)     (3X+2y) 


From    (4.52) 


(4.56)     (t^    ,+p^    J       =   h    (x^-h^)lc,„TW      w 
3al    '^3al    ,a      2         3  [    101    ,y    , 


Aw      +    C, „„w        w        Aw 
yv       ,v         102    ,YV    ,YV 


+    C,„^w      Aw      Aw   +    C,„,w        Ai|)        +    C,^j-w      w        w  +C,^,A   w 

103     ,Y       ,Y  104     ,YV    ^,YV         105     ,y     ,vui    ,Yva)      106 


+    -^   T      w         WW         +  C,.-,AiJj       Aw      -     (C,^o+M    -4)AT      w 

j^2      YV    ,YV    ,0)    ,Go  107    ^,Y       ,Y           108    "^    ^2'       yv    ,y 

2  2 

+     (C 


V 


_,  3  3 

Q-    2y    -y)T  w  +     {C.-.n-VL    -^)T      Aw        +    C,  ,  t  (Aw) 

109  2      Y^'fJL)    ,YV(j^  110         ,2      Y^       rY^         111 


+    C,  ,  „    ^7   T      w         Alii    + 
112    j^2      yv    ,yv    ^ 


2yw        w        w         \   +  (y   (^^— z   Gt  ) 
,YV    ,V(o    ,aJYJ       '-^        j^6      1' 


where 


(4.57) 


r        =    8y  (X+y) 
101  X+2y 


^         ^      Xy  (5X  +  6y)  _    3X  +  2y 


102      2(X+y)(X  +  2y)  4(X+y)       79 

Xy  (3X  +  8y)  8y  \+2Xy  (X-4y  )  B-X  ^C 

-    2(X  +  y)(X  +  2y)  2  (X  +  y  )  (X4.2y  )  ^ 


2Xy 


'103  X  +  2y 


r         =      2Ay    _    ^      ^         2Xy (3X-2y)  4yB-2XC 

104       X  +  2y         ^75  (X  +  2y)  (3X  +  2y)  3X    +    2y 


^  2y  (3X  +  2y) 
'105  X+2y 

^  4y (X+y) 
'106  X  +  2y 


-88- 


'107" 


c  -  c  -  c 

80   ^79    75 


16Au(A+u) 
(X+2m) (3A+2m) 


_!_  32y\+16y  (X^+2m^)B-8A  (  A^+2Am4-2m^)  C 
(A+2m)^ (3A+2y) 


^108=  ^82-'  2m  = 


-4AM+2  M  -4mB 
A+2VJ 


C    =-C   -C   +4u+C=  22AM+24y  +8mB 
^109   ^82  "-83^^^^        A+2m        ^^ 


r    =  -  r   —  p 
110      81    83 


3A+2y 


2QAy+22y  +8yB 
A+2m 


+    2C 


Ay        _      Ay  (A-4y) 


'111      4(A+y)    "-79         2(A+y)  2(A+y)(A+2y) 

8y\+2Ay  (A-4y)B-A^C 
2(A+y)  {A+2y)2 

^    _    3(A+2y)  ^   _      18Ay 

'112  2(A+y)       ^80  3A+2y 

24y\+12y  (A2+2y2)B-6A(A2+2Xy+2y2)C 
(A+y)  (A  +  2y)  (3A+2y) 


From    (1.6) 


(4.58)  Pooi=    x^(x?-h2)(^^4^  Aw[w        w        +   ^T^    (Aw)^] 
^^331         3      3  [A  +  2y  ,yv    ,yv      A  +  2y 

+      2A^      1      ^      ^         ^J    _   W      +    r9(H^   e^) 
3A+2y      ,2      yv    ,YV    ^j  o         "—^6      1 

From    (1.1) 

(4.59)  S2^   =    2e^^ie^^2    "^    ^^3316332    +  (9  (^   e^) 

,1  /^  .  n    nIowo    \    ^iP    Aw   +    C,,-,4)         i|;         Aw+    C,  ,  .  (AiJ;)2aw 
l\  (A+2y)  (3A+2y)       ^  113^,YV^,YV  114 


=    X, 


+     (Ci3_5x2+    C^^gh2)w^^^w^^^Aw   +     (C^^^x^    +    C^^gh2)(Aw)^ 


X. 


YV    ,YV  119   ,2         120      Y^    lY"^  22    yv    vui    ,a)Y 


-89- 


2       1,2 


-)■,  ,  T       (x-,-    rr  h    )  Alii         w         -     (x-,-2C„.h    )w 
3X+2y  3       3  ,Y^     ^Y^  ^         24  , 


w        w 
Yv    ,vu)    ,0JY 


3(X+2]j)        3  A+2iJ  ,YV    Y^ 


T      w         WW 
YV     ,YV     ,aj     ,(jj 


where 


T      AiJ;      w 


,(jo    y\>    OJY  f  V  ,YV    ,yv(jo    ,(jo         3A+2y      yv       ,y    ,v 


D 


6^1' 


(4.60) 


=   ^^   C   -  2C 
'113   A+2y   39     29 


C    =   ^^   C    -  -^ C   -  2C 

114   A+2y  ^40    3A  +  2iJ   3      30 


-3A^-12Ay-4y^4-4yB-2AC 
(A  +  2y)  (3A  +  2m) 

2 


2A 


A 


(3A+2m) 


3A+2y 


16y^(3A-2ij)  (A  +  m)A-12Am  (3A^-6Ay-8M^)B-4A^y  (7A+6m)C 
(A+2y)^(3A  +  2y)"^ 


'115   A+2y   7    A+2y 


A(-A^+16AiJ+16y^)  _   2AB 
4(A+y) (A+2y)^     (A+2m)^ 


2  > 
=  —^^ —  C    +  2C    -  2C   = 
'116   A+2y  "-41    ^^23     "-31 


2B(9A^+20Ay+12y^) 


15A^-58A'^y-216A^y^-176Ay'^-32y' 
12(A+y)  (A+2y)^(3A+2y) 

2AC 


3(A+2y)  (3A+  2y) 


2A   ^   _  A"(5A+4y) 


3(A+2y) (3A+2y) 


4(A+y)  (A+2y) 


'117   A+2y   8 

=  ^^      C      -  2C   =  - 
'118   A+2y   42   ^32 


8Ay^A+2A^  (  A-4y )  B+2  A-^C 
(A+2y)'^ 


A (51A^+138A^y+104Ay^+16y^) 
12(A  +  y)  (A  +  2y)^(3A  +  2y) 


(8y\-A^C)  (3A^+4Ay+4y^)+2AyB(9A^+8A^y-4Ay^-16y^) 


2A 


3y  {A+2y)  (3A+2y; 
A(3A+4y) 


Ay 


'119 


3A+2y   2    2  (A+y)  (3A+2y) 


(A+y) (3A+2y) 


'120' 


_iA_  c  +  2C   +   ^^ 
3A+2y  ^1   ^21   3A+2y 


2A(-A+3y)+8yB 
(A+2y)  (3A+2y) 


2  Ac 


y  {3A+2y) 
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Also  from  (1.1) 


2A 


(4. 61)  s_,   =  3x,w    (  -,,  ,  T 

3o      3  ,yv      3A+2y  yv 


-  x^w    w    w    + 

3  ,YV  ,V(jL)  ,coY 


T   Ai|;  -  T   T   )  - 


6A^M 


(A+2m) 


^"^  '"''    (A  +  2m)  (3A  +  2m) 


x,(AiJj)  Aw 


2  "3 


D 


From  the  second  results  of  (0.16)  and  (0.18) 


(4.62)       e 


_       2m 


1  ,  ->=    -,,^o       l\\ii    +    C^^.i)         ^         +C,„^(Aip) 
kk2      3A+2)j      ^  121^,YV    ,YV         122      ^ 

4 

+  (C9x2+c^23^')^,Yv",YV-'  ^^10^3^^124^^^  ^^^^  ^"^  <^  ^"T?  ^i 


D 


where 


C    =  -^i^  C 5_ 

121   A+2m   25   A+2m 


2M+3B+C 
3A+21J 


,    =   2m   p    ,  p  ^    2  Ay 

-122   A+2m   26    ^6   ,-,,^0  x2 

(3A  +  2ij) 

12y^A- (9A^+12Ay-8y^)B-A (3A+4y)C 


(4.63){ 


2y 


(3A+2y) 

y  _ 


y  (43A^  +  9QAy+48y^) 


'123   A  +  2y   27    A+2y      12(A+y)(  A+2y)(3A+2y) 


4yB 


3(A+2y) (3A+2y)    3(3A+2y) 


C    =  -^^   C   - 
^124   A+2y   28 


Xy 


(A+2y) 


Ay (13A+14y) 


12(A+y)  (A+2y)  (3A+2y) 


16y'^A+16y  (A^+Ay+y^)B-2A^C 
3(A+2y)^ (3A+2y) 


From  (1.4),  (4.59),  (4.61),  (4.62),  and  (4.19) 
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(4.64)    W      =    x-,\C.^^ip         i)        Aw   +    C,^^(AiJ;)    Aw 


3  I     125^  ,  Y^     'Y"^ 


126 


+     (Ci27^3-^Cl28^')^,YV^,Yv''^-' ^^129^3+^130^'^  (Aw)  ^-2mT^^w  ^^^ 
2 
""3 
^131    ,2         132'       YV    ,YV  133    y^    voo    ,(jjy 

-    3l^    (^3-   I  h')A^YV^YV-^^^134-^2MC24h2)w^^^w^^^w^^^ 

+     [    y(3X+4y)       2    _    iMAnO.  ^2  ^      -    pT      w         w      w 

^       3(A+2y)        3  X+2y  ,YV    Y^  Y^     ,Y^^     /^^    '^^ 

+    4uw      T      T  -    2\i\b         \b  w      -    -, ,  ,  ^      T      Aijj      w 

^     ,03    YV    wYrV         ^^,YV^,YVw    ,10       3A+2y      yv       ,Y     /"^ 


TTT^  A^    A;|.      w      I    4-^9    (ii\   e.) 
3A+2y       ^       ^,Y     /Yj        ^  D 


where 


(4.65) 


-=    pC 


2Ay 


2yB 

-t^  =    -y 


-125      ^"-113      A  +  2y       121      A  +  2y 


2Ay    ^        _^      2Ay      ^ 


126       ^^114       A+2y       122       3A+2y       68 


M. 


3A  +  2y 


r         =      r  -      2^^    r      -       ^^^    = 

^127      ^^115         A+2y       9         A+2y 


8y^A-2Ay ( 3A+8y ) B+2 A^yC 
(A  +  2y)  (3A  +  2y)^ 


a\ 


2yB 

4 (A+y)  (A  +  2y)         A  +  2y 


^198=     mC 


2Ay 


y  (5A^-4Ay-8y^)    ^      2yB 


128      ^""-116       A  +  2y    "-123         12  (A+y )  ( A  +  2y )  A+2y 


C         =    uC ^^   C 

^129      ^^117      A  +  2y    "-10 


A    y(5A+    6y) 


4(A+y) (A+2y)' 

2Ay 


8y"^A+6A^yB-A"^C 
3(A+2y)^ 

Jy^+eA^yB-A-^C 
3(A+2y)^ 


^130      ^"^118         A  +  2y    "124 


Ay(17A^+26Ay+8y^)       ^    8y\+6A^yB-A^C 
12(A+y)  (A+2y)^  3(A+2y)^ 
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c,^,=  yc 


+  ^,,1^1  c_  =  0 


131       ^119         3A+2M       67 
C        =    uC  +   -2Ai^  C        +    2AO:±mB 


^133=    2MC22    -    C    =    4m 


2Am 
3A+2y 


•^134         ^         3 


From    (4.58)     and    (4.64) 


(4.66)     P33^    =    xJ2]j(T 


w         +    ::r    ;1;         i)         Aw-    2T      T      w 
yv     ,YV       2       ,Y^     'Y^  Y^    V'^    /''^Y 


+    ^   T      w         WW      -2T      T  w      +    i)         \b  w       ) 

2       yv     »Y^     /^     1^         YV    WYfV     ,oj       ^,yv     ,YVa)     ,aj 


Ay 


1   ,  2, 


+    tV^t     [-(Ai|;)    Aw+    2    -^  T      w        Ai|;+    (x,-    ^  h    )  AiJ>        w 
3A+2y  "■         ^  h        'Y^    'Y^  3      3'       ,yv    ,yv 


+    4T      All)      w        -    2Ai1j    Alii      w      ] 
Yv    ^ ,y    ,v  ^      ^ ,y    ,y 

-^  (^135^3-  ^136^^)",YV^,YV^^^  ^^137^-  Ci38h2)(Aw)3 
+  [(M+  |)x2  -  1  (5M+C)h2]w^^^w^^^w^^^ 


y(3A+4M)   2  _  4M(A+y)  ^,2 
^   3(A+2y)   3     A+2y 


h2]Aw    T   1  +C9(^   e,) 
,YV  yvj        ^^6   1 


where 


2Ay 


'135    A+2y 


-  C 


Ay (9A+8y) 


2yB 


127    4(A+y) (A+2y)    A+2y 


^    2Ay  ^  y(29A^+20Ay-8y'^)     2yB 

^136    A+2y       128     12  ( A+y )  ( A  +  2y )      A+2y 


(4.67)- 


'137 


138 


2A^y   _^     ^  A^y(3A+2y) 

(A+2y)^    -^^^    4(A+y)  (A+2y)^ 
2A2y 


8y-^A+6A^yB-A^C 


(A+2y) 


—  +C 

2      ^130 


-.,  _      3(A+2y)^ 

Ay  (7A2-2Ay-8y'^)  _^  8y 3a+6A2uB-A-^C 

12(A+y) (A+2y)^        3(A+2y)^ 


Since  (t33i+P33i)^3  =  " (t3„i+P3„i) ^ ^  ,  then  from  (4.56) 
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and    (4.66)    we    can    obtain    t^^,     -.    and    integrate    from   -h    to   x^ 
to   obtain 

113  2 

(4,68)     -t-,T,=    T-    {rr  x-,-    x,h    )  [C,„,w      w        Aw      +    C,-^w      Aw      Aw 
331      2      3      3         3       ^    101    ,Y     ,YV       ,v         103    ,y       ,y 

2 

+   C,^j-w      WW  +    C,  „,A   w   +    C,^-,A(Jj      Aw      ] 

105     ,Y     /Vto     ,YVa)         106  107    ^  ,y       ,y 

5 

+   I    f-   i^^    ;T  +   I    (^^-^108^^3+    ^108^3^^^^^v^,YV 

5 

1  2         '^3         1  3  2 

2  5,2         3  109      3  109    3  YV'<^    ,Y^^ 

13  2  13  2 

3  139    3         140    3  ,YV     ,yv  3       141    3      142    3  ,Y^     'Y^ 

3 

1  ^3 

+   TT  y( -    Xt)T      w        WW 

2  ^2  3      YV     ,yv    ,10    ,0) 

5 

+    (t  Ct.^x-,    -    C,  ..x-,h      -    -^  — --)  T        Aw 

3      143    3  144    3  10      ,2'    y^         /Y^> 

3 

+     (i  C^^^x^    -    C^4gX3h2)  (Aw)^     (|   C^4^    -|   -    I  C^i2^3)Ty^w^^^A4. 

+     l|    (4y+C)x^    -    I    (8y+C)x3h2]w^^^w^^^w^^^ 

+    2yX-,(T      w         +    k   lb         i)         AW-2TTW 

3     YV    ,yv      2   ^  ,yv^  ey\>  y\>   vco    ,coy 

-2TT  w         +11;         lb  w) 

YV    OJY/V    ,t)0         ^,YV    ,YVa)    ,oa 


where 


.  ^  ,6 

+   TTTn-  x^[4T      All;      w      -    (Aij;.)    Aw   -    2Ai|;    Ai|;      w      ]    +         (^^  e,) 
3A+2y       3'      YV    ^ ,y    /V  ^  ^       ^,Y     ^Y  n°       ^ 
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(4.69)     ■ 


C         =    -^r  +    i   r  -       ^M  (15A+16M) 

139       ■'''135    ^    2    ^102    "    2(A+M)  (A  +  2m) 


+    8M\+2y  (13A^+32Xm  +  2  4m^)B-A^C 
4(A+y)  (A+2m)^ 


y (19A^+22Am-4u^) 


^140      ^136    "^    2    *^102  6(A+1J)  (A  +  2M) 


^    8y\+2M(5A^  +  8AM+8M^)B-A^C 
4(A+y)  (A+2m)^ 


''^    ^kc 


2\\d      _!_    2  MB- Ac 


141         3x  +  2y         2    "-104         A  +  2M         3A+2y 


Au 


'142  3(3A+2y) 


1  C         = 

2  "-104 


2Au(5A-    2u)         ^    AC-2yB 


3(A+2p)  (3A+2y)  3A+2y 


'143 


'144 


=   1  r  +  H  -  y  (3A+4y  )    _    15Ay +16u  ^+8u  B 

2    ^110    ^    2  A+2u  2(A+2u) "^    ^ 


=   i  r  4y  (A  +u  )    _    6Ay  +  7M^  +  4uB 

2    "-110    ~         X  +  2y       "         X  +  2y  "^    ^ 


2  2 

C,  ,^    =   -  C  +3C        =    ^1^  (5A    +2Ay-4y    ) 


-145         2    ^111    '-^"137"     _  .._^    .   .^^^    .2 

2  (A+y  )  (A  +  2y  ) 

+    (8y\-A^C)  (3A  +  2y)+2Ay  (llA  ^+14Ay  +  8y  ^)  B 
4(A+y)  {A  +  2y)^ 

r  =   i  r  +    r  -    Ay  (5A ^-4Ay-16y ^) 

"^146         2    ^111    ^    "-138  ~r,         ~~ 2 

6(A+y)  (A  +  2y)^ 

3  3  2  9 

^.     (8y    A-A    C)  (A-2y)+6Ay  (3A    +6Ay  +  8y    )B 

12(A+y)  (A  +  2y)^ 


"-147         2    ''112    ^    3A+2y 


=    _       3Ay      ^    12y\+6y  (A^+2y^)B-3A  (  A^+2  Ay+2y^  )  C 
3A  +  2y  (A+y)  (A+2y)  (3A  +  2y) 
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If  we  subtract  from  (4.68)  the  equation  obtained  by  setting 
x^  =  h  in  (4.68)  and  recall  that  t^^,  =  0  for  x^  =  h  ,  then  we 
obtain  line  1  of  (0.21)  where 


(4.70)- 


_     =  1  fp     r         )    =    M(13X^+13AM+2ii^)     2yB 
^148    2  ^^139  ^140^      6(A+M)(X+2y)       A+2u 


c    =  —  (c   +c 

149    2  ^^141  ^142' 


4Am 


3(3A+2y) 


'150 


'151 


1  (r        -r        -   hi)    =    M(3A+y) 

2  ^^143   144   10^    5(A+2y) 


1  ,^         _^         .     ^    Au(5A^+5Aii+2u^)  ^  8y^A+6A^MB-A^C 

2  145   146      6(A+y)  (A+2m)^        3(A  +  2y)^ 


=  ^c...  -  he. 


3Ay 


'152    2  "147    4  "112    3A+2y 


Also  setting  x^  =  h  in  (4.68)  and  using  the  condition  that 
t-.-,-,  =  0  for  x^  =  h  ,  gives  the  second  result  of  (0.22)  where 


(4.71)-^ 


'153 


J.  (C   -  1  c    )  =   4^ 
6iJ  ^147   2   112^    3A  +  21J 

4y\+2y(A^+2iJ^)B-A(A^+2Aii+2y^)C 
y  (A+y)  (A+2y)  (3A+2y) 


'154 


'155 


'156 


'157 


6y  *^101 


6y  ^103 


6y  ^105 


6y  ^107 


4(A+y) 
3(A+2y) 


3(A  +  2y) 


3A+2y 
3(A+2y) 


8A(A+y) 


3(A+2y) (3A+2y) 


16y\+8y  (A^+2y^)B-4A(A^+2Ay+2y^)C 
3y(A+2y)^(3A+2y) 
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'158 


'159 


'160 


'161 


'162 


'163 


^   1  -19A+12M-20B 

6m  ^5    ^         ^108^       30(A+2m) 


6T7  ^5  ^  -^109^ 


-^  (C    -3C    ) 
6y  ^139  ^140^ 


2  (27X  +  29M  +  10B)  _  _C 

3y 


15(A+2y) 
6{A+m) 


2A-y   _  8M\+2Ay  (A-4y)B-A-^C 
12m  (A+m)  (A+2m)^ 


AC-2mB 


_1  /P    ,,P    ^  =  _   2A(A-2m)         

6m  ^^141-^^142^  3(A  +  2m)  (3A  +  2M)  "  3m(3A+2m) 

_1  (r         -Tr    _  ^^  =  -  27A+34M  +  20B C 

6m  ^143  ^144   10^  15(A  +  2m)      3m 


(C, ,c-3C, 


Am 


8m^A+2Am(A-4m)B-A^C 


6M  ^-145  --146^    2(A+m)(X  +  2m)    12,  (  a+m )  ( A+2m) ' 


From  the  second  result  of  (0.19) 


a62,B      33^,YV^,Yva     34  ^  ^,a    37  a3   ,3    38  ay , 6  y3 

2       2  2       2 

+  (C-,  ,  .x,+C,  ,ch  )w    w     +  (C,  ,cX_,+C,  ^-,h  )AwAw 

164  3   165     ,YV  ,Y^^c(     166  3   167        ,a 

4 
+  (Cl68^'3+^169^')^,aY^",Y  "^    ^^  ^2^ 

where 


'  C    =  2C   +C   +  -^i^—  =  6Am+2m^  +  4mB 

^164   "^^12^^16   2  (A+m)       A  +  2m      ^  ^ 


(4.73)i 


Am 


^165   ^^35  ^^"^24   6(A  +  M) 


iAM+6M  +4mB  _  C 
3(A+2y)       3 


=  2C   +C   -     Ay   ^  _  2Am   ^  16y\+16y(A^+Ay+y^)B-2A^C 


'166     13  "15   2(A+y) 


A  +  2y 


(A+2y) 


Ay 


^167"  ^^36   ^^^23"^  6(A+y) 


16y\+16M  (A^+Am+M^)B-2A^C 
3(A+2m)^ 


^168   ^15"^*^16 


2y  +4mB 
A+2y 


+  C 


^169=  -  2y(C23+C24)  = 


SAy+lOy  +4mB  _  C 
3(A+2y)       3 
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From  (4.72)  and  the  third  result  of  (4.30) 


2.  2. 

(4.74)  (t^e2+Pa32^6=  ^^  "^^3)  ^^165^,  yv"',  Yva+^167^^^^,a-^^169^  ,aY^^  ,Y^ 

+  rO(^e2)- 

Since  (t  -,t+p  ~,^)     -,  =  -  (t  ot+P  ot)  o  f  we  obtain 
a32  ^a32  ,3        a62  ^a32  ,3 

2   2 

(4.75)  t  ,_+  p  -,o  =  x,(x-,-h  ){C-,,i-w    w     +C,^-,AwAw   +C-,  ,„w    Aw   } 

a32   "^032     3   3       165  ,yv  ,Yva   167     ,a   169  ,aY   ,Y 


6^'^  ^2) 


From  (1.6) 


(4.76)  P  ,,  =  -  ^^4tT^  x,(x2  '-2 
^  ai2  A+2iJ    3   3 


x,(x;-h")w  „^,Aw  ^.  +(J  (^^-   - 


oiY   .Y 


D 


5  ^2^ 


so  that  the  second  result  of  (0.20)  follows   where 


M  77^      r  =    r  +  4^(^  +  VJ)  -  4Ay+2M  -4yB  _  C 

K'i.ii)  u^^Q    ^169      X+2y       3(A+2y)      3 


From  (1.4) 


(4.78)  t  ,^=  2ye  -,t  + 
a32      a32 


x^(x?-h2)| — ^"^^  ^  (XC-4uB)AwAw   -  ^^^  Cw    Aw   1 
3   3     l(x+2u)  '"*   ^   '^    '"'''   '^^ 


+  d^(^  e,) 


D 


5 

5  "-2' 


From  (4.78)  and  the  second  result  of  (0.20)  we  obtain  the 
second  result  of  (0.17)  where 


(4.79) 


^171   2y   167 


A+y 


2y  (A  +  2y) 


(4yB-AC) 


16y'^A+4y  (A2-5Ay-2y2)B+A(A^+9Ay+6y2)C 


6y  (A+2y) 

P  ^  2A+y-2B       2A+y 

'172   2y  "170"  2y(A+2y)  ^     3(A  +  2y)    6y(A  +  2y) 


-^C_„+  -A^ 
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From  the  second  result  of  (0.17)  and  (4.2)  we  solve  for  y 


a2  , 3 


and   integrate    from   0    to   x,    to   obtain    the   second   result   of    (0.14) 


where 


(4.80) 


•^173         "^43" 


4y^A-3AM(3A+4y)B+3A^(A+M)C 


2(3A+2m)^  (3A+2y)^ 


C         =   ^  C         -    ^   C 
174      4y    ^165      6      7 


(9A+8y) (3A+4m) 
48(A+y)  (A  +  2y) 


y(3A+2y) 


B 


6(A+2y)         12y 


^  Zl  n        -r        =    89A^+2  74A^y  +  2  8QAy^+96y"^ 
175      2y    ^165       41         24 ( A+y ) ( A+2y ) ( 3A+2y ) 


^         4(A+y)B 


A+y 


3{A+2y) (3A+2y)  3y (3A+2y) 


C        =   i  C        -    ^  C      - 
^176      2    ^171      2    ^44 


8(A+2y) 


A(7A^+16Ay+8y^) 
48(A+y) (A+2y)^ 


_!_    -8y^A+2y  (-A^+6Ay+4y^)B-A(A+6y)  (A  +  y)C 

12y  (A  +  2y)^ 

^    _  _  ^    A(23A^+46Ay+24y^) 

^177         ^171^42         24(A+y)  (A+2y)  (3A+2y) 


(A+y) [32y^A-4y (A^+16Ay+4y^)B+A (5A^+24Ay+12y^) C] 


C,  _n=    =r  C 


6y  (A  +  2y)     (3A+2y) 


1  _!_      3A+4y      ^    7A  +  6y-4B   _^         2A  +  y  ^ 


178      2    ^172         4    "-45         8(A  +  2y)  12(A  +  2y)  12y(A+2y) 


'179' 


^172         2    ^46  A+2y 


2A+y 


2A+y-2B    _    

3(A+2y)  6y(A+2y) 


From    (4.75) 


2    ,  2 


(4.81)     (t3^2+P3^2^a   =    ^3(^3"^    ^  ^Cl65^,Yva)"  ,Yva)-' (^165+^169)^  ,yv^^  ,YV 

}+(9(i4^.) 


+     (^167^^169)^^,Y^^,y'"   ^^T^  ^167    ,2    ^yv",YV 


^T   T      w        Aw 
h 


D 
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From  (1.6),  (1.3),  and  (1.2) 

r 


8 


(4.82) 


P..O  =  2e,,,tj^3^  +  2e332t332  -  W^  +(9  (^  ^^) 


332 


'3kl 


D 


W 


TT  (s,  +s,  )  +  ys„   +  ^  (s,  +3s,  s,  ) 
2    le   lo      2e    3    le    le  lo 


+  B(s,  s„  +s,  s„  )  +  TT  S-,   + 
le  2e   lo  2o'    3   3e 


c3< 


D 


6  ^2^ 


From  (4.82)  and  (1.1) 


(4.83)  p,^-  ,  =  x,'{-2yw    w    -  ^4^  (^w) 
^^332, 3     2\  ,yv    ,yv      \+2v 


-   [  ■:A^   (C..-CJ+  iA^  (C.-C.J  + 


X  y(13X+14y) 


3X  +  2y  '"-10   8'   X  +  2y  '3   68'   2(X+y)  (X+2y)  (3X+2y) 


+  jVA+4Xy(X-4y)B-2X^C  ^  ^^^^^^2 
(X+2y)^(3X+2y) 


-  [ 


4Xy 


3X+2y  '9 


(C„-C,)- 


\       Xy(5X+4y)        4yB-2XC  n  . ,^ 
l'~    2(X+y)  (3X+2y)     3X+2y   ■■  ^^^,yv  , 


YV 


-     [4B+2X(C^-Cgg)-3X  +  4X(1+C2-Cg,)     -^J     XTl^   \v^,Yv"^ 


-    2(y+C)w        w         T      - 


8X^y 


w      hi)      Aw 


,YV     ,vcjj    OOY       ( X+2y)  ( 3X+2y)        ,y       ,Y 


2Xy  /A„^2,     r    4y(3X+4y)       2    _ 

^^:p^  w^^w^^(Aw)    +    [       3(x  +  2y)       '^3 


X+2y  ,YV       ,YV 


-    2yw      www         -    4yw      w         (T  -    2T     ,       ) 

fY    /Y    /^^     fV^  ?Y    /^^tJJ       vcj,Y  YV,w 


8Xy 


AiJ;      w      w 


2Xy 


T      IWi) 


3X  +  2y      ^,Y    /V    ,YV      3X+2y      y^^       ^YV 
2         .      ^  N  ^       ,  5 


+    8ya±tL)        (    2_^2    ^^      ^^ 
(X+2y)2         3  ,Y 


'Yj  D 


6    ^2^ 


Since    (t332+P332),3    =    "  ^  t3a2+P3a2^  a    '    ^^^^    ^^-'^^     ^"^    ^^-^'^ 
can   be   used    to   obtain 
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^'■^'^     ^332,3  =  ^3{2^^-,Yv",yv^  f^  (A-)'^  2C,g2A1^( 


Aw) 


^  2(M4-C)w^^^w^^^T^^+  (,^2')  (3X.2y)  ^^/^^^Aw 


YV 


+  2yw   w   w    w    +  4uw  w    (T     -  2T     ) 

+  ^1^  AiJ;   w   w     +  ^^AH_  t   AU; 
3X+2y   ^,Y  ,v  ,Yv    3X+2y   yv  ^,yv 

"^    4C  (x^-h^)Aw      Aw    ^-C,  ,.(x^-h^)w  w  )+,'9( 

-Loo      J  ,Y       rY      165      3  ,YVW    ,YVooJ    *-^ 


where 


,5 

^6  ^2^ 


(4.85)-^ 


C   ,  =  -2AVi_  (c   -c  )  +  2^ii-  fc  -r   ^+    X^y(13X  +  14y) 

182  3X+2y  ^"-10  "-8^  ^  X+2y  ^^3  ^68^^  TTx+y)  (X+2y)  (3X  +  2y) 

_^  8y\+2Xy(X-4y)B-X^C 
(X+2y)^(3X+2y) 

^  8y\+2Xy  (X-4y)B-X^C 
(X+2y)^(3X+2y) 

C  =      2Xy       /p    _p    V     _    Xy (5X+4y)  2yB-XC    _    2yB-XC 

183  3X+2y    ^"-9    ^-j'  4(X+y)  (3X  +  2y)  3X+2y  3X+2y 


184 


[4B+2X(C^-C^^)-3X]     ^^^ 


y  3(X+2y) 

4(X+y)    ^167 


3Xy         8y\-8y^(2X  +  y)B-X^C 


X  +  2y 


2(X+y)  (X+2y: 


'185 


=    (l+C^-C^^) 


2Xy  3(X+2y) 


2    "-67'     X+2y  8(X+y)     ^167 

X^y  8y\+8y  (X^+Xy+y^)B-X^C 

2(X+y)(X  +  2y)       ^  77777777772 

4 (X+y) (X+2y) 
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=  -y(3X+4y)  _  1  ,p    ,^ 
186    3(X  +  2y)      4  ^^165^1 


.  ^  Xy+2yB    C 
69^    3(X+2y)    6 


187 


'188 


4y(X+y)  +  1  (c    +c    )  =  =  4l^(^  +  V-B)  _  C 


A  +  2y 


2y(X+y] 
(X+2y)' 


165   169 


_  i  (C    +C    ) 
4  ^^167^169^ 


3(X+2y) 


+ 


y(8X^+llXy+2y^) 

6(X+2y) ^ 
16y\+4y  (5X^+8Xy+8y^)B-(X^-6X^y-12Xy^-8y-^)C 

12(X+2y)^ 


Integrating  (4.84)  from  -h  to  x^  gives  the  second  result 
of  (0.21)  where 


(4.86)- 


r  ^   r        +   r        =    ^y(7^+6y) 

189     184   ^185   2(X+y)(X+2y) 


^^190 


=  c   +  c   = 

^186    187 


y (5X+4y-2B) 
3(X+2y) 


8y\-8y(X^+5Xy+3y^)B-X^C 
4(X+y) (X+2y)^ 


C 
6  * 


This  completes  the  proof  of  (0.13)  through  (0.22).  The  proof 
of  (0.13')  through  (0.22')  follows  trivially  using  the  definitions 
of  V   ,  w,  T    ,  i|^  and  (0.5)  through  (0.7) 
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